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Abstract
By using the elliptic analogue of the Drinfeld currents in the elliptic algebra Uq,p(ŝlN ),
we construct a L-operator, which satisfies the RLL-relations characterizing the face type
elliptic quantum group Bq,λ(ŝlN ). For this purpose, we introduce a set of new currents
Kj(v) (1 ≤ j ≤ N) in Uq,p(ŝlN ). As in the N = 2 case, we find a structure of Uq,p(ŝlN ) as a
certain tensor product of Bq,λ(ŝlN ) and a Heisenberg algebra. In the level-one representation,
we give a free field realization of the currents in Uq,p(ŝlN ). Using the coalgebra structure of
Bq,λ(ŝlN ) and the above tensor structure, we derive a free field realization of the Uq,p(ŝlN )-
analogue of Bq,λ(ŝlN )-intertwining operators. The resultant operators coincide with those of
the vertex operators in the A
(1)
N−1-type face model.
1
1 Introduction
In recent papers[1, 2, 3, 4, 5], the notion of elliptic quantum groups has been proposed. There are
two types of elliptic quantum groups, the vertex type Aq,p(ŝlN ) and the face type Bq,λ(g), where
g is a Kac-Moody algebra associated with a symmetrizable generalized Cartan matrix. The
elliptic quantum groups have the structure of quasi-triangular quasi-Hopf algebras introduced
by Drinfeld [6]. Since certain finite dimensional representations of the universal R-matrices of
these elliptic quantum groups yield known elliptic Boltzmann weights including, for example,
those of the eight vertex model[7] and the Andrews-Baxter-Forrester (ABF) face model[8], we
expect that we can perform an algebraic analysis of both types of elliptic lattice models based
on the corresponding elliptic quantum groups.
Here, algebraic analysis means, in a restricted sense, a method of studying two dimen-
sional solvable lattice models based on the representation theory of infinite dimensional quantum
groups [9]. It can be regarded as an off-critical extension of conformal field theory, where the
representation theory of the Virasoro algebras and/or affine Lie algebras plays an essential role.
In fact, quite a lot of, but not all, solvable lattice models allow us, in the thermodynamic limit,
to identify the space of states of the models with the infinite dimensional modules of certain
quantum groups. Then two types of intertwining operators, type I and type II, of such modules
become important. The type I intertwiner provides a realization of local operators, such as spin
operators for example, on the infinite dimensional modules of quantum groups. And the type
II plays the role of creation operator of physical excitations. Due to the coalgebra structure of
quantum groups, these intertwiners can be determined uniquely. Realizing these ingredients in
certain forms, such as the free field realization for example, one can perform a calculation of
correlation functions as well as form factors of the models.
Through experience of the analysis of trigonometric models, such as the six vertex model, or
equivalently the XXZ spin chain model (see the references in [9]), we know that a formulation
of quantum groups in terms of the Drinfeld currents[10] provides a convenient framework. This
is because one can construct a free field realization of the type I and II intertwining operators
starting from a free field realization of the Drinfeld currents. In addition, the Drinfeld currents
have a formal, but deep, resemblance to the currents in affine Kac-Moody algebras so that we can
easily compare the results with those in conformal field theory. Hence to perform an algebraic
analysis of the elliptic lattice models, it is an important step to find a new realization of the
both elliptic quantum groups Aq,p(ŝlN ) and Bq,λ(g), g being an affine Lie algebra, in terms of
the Drinfeld currents.
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In [11], one of the authors has introduced an elliptic analogue of the Drinfeld currents of
Uq(ŝl2) independently from the formulation of the elliptic quantum groups. The algebra of the
currents is called the elliptic algebra Uq,p(ŝl2). Later in [12], it has been shown that Uq,p(ŝl2) can
be regarded essentially as the Drinfeld currents which gives a new realization of the face type
elliptic algebra Bq,λ(ŝl2). According to this result, the type I and type II vertex operators of
Uq,p(ŝl2), the analogues of the intertwining operators of Bq,λ(ŝl2), have been realized by the free
bosonic fields. The resultant expressions coincide with those of the vertex operators of the ABF
model obtained by Lukyanov and Pugai[13]. Hence a representation theoretical foundation to
Lukyanov and Pugai’s free field approach to the ABF model has been established.
The purpose of this paper is to extend this result to the higher rank case. We investigate a
higher rank elliptic algebra Uq,p(ŝlN ), and show that Uq,p(ŝlN ) provides a new realization of the
the face type elliptic algebra Bq,λ(ŝlN ) in terms of the elliptic Drinfeld currents.
Our strategy is parallel to the one in [12]. We first give a definition of Uq,p(ŝlN ) introducing
the new currents Kj(v) (1 ≤ j ≤ N) (Section 3). This gives a completion of the definition of
Uq,p(ŝlN ) given in Appendix A of [12]. As an example, a realization of Uq,p(ŝlN ) as a certain tensor
product of the algebra Uq(ŝlN ) and a Heisenberg algebra C{Hˆ} is given. Then we define the “half
currents” of the generating functions (total currents) Ej(v), Fj(v), Kj(v) of the algebra Uq,p(ŝlN )
(Section 4). The half currents allows us to construct a L-operator as a Gauss decomposed
form of an operator valued matrix (5.1). We then argue that the thus obtained L-operator
satisfies the RLL-relation which characterizes the algebra Bq,λ(ŝlN ), when the generators of the
mentioned Heisenberg algebra are reduced to a set of parameters (dynamical parameters) by
properly removing half of the conjugate variables (Section 5). Hence, one can regard the algebra
Uq,p(ŝlN ) as a tensor product of the algebra Bq,λ(ŝlN ) and the Heisenberg algebra C{Hˆ}.
The L-operator and the coalgebra structure of Bq,λ(ŝlN ) allows us to construct a free field
realization of the vertex operators of Uq,p(ŝlN ), which are extension of the type I and II in-
tertwining operators of Bq,λ(ŝlN ) by adding elements of the Heisenberg algebra, acting on the
Uq,p(ŝlN )-modules. In the level-one representation, we derived such a realization starting from
a free field realization of the total currents of Uq,p(ŝlN ). The resultant expressions coincide with
those of the type I and II vertex operators obtained in [14] and [15]. We also show that they
satisfy the required commutation relations. We thus give a representation theoretical meaning
to the vertex operators of the A
(1)
N−1 type face model[16]. Conversely, as a composition of the
type I and type II intertwiners, one can construct a L-operator which satisfies the RLL-relations
[17, 18]. As a check of our free field realization, we investigate a connection between the two
L-operators, the one constructed by a composition of the vertex operators and the other by the
3
half currents, in the level-one representation. We then give a proof of our argument in Section
5 at c = 1.
The article is organized as follows. In the next section, we review some basic facts on the face
type elliptic quantum group Bq,λ(ŝlN ). In Section 3, we present a definition of the elliptic algebra
Uq,p(ŝlN ). New currents Kj(u) (j = 1, 2, .., N) are introduced there. A realization of Uq,p(ŝlN )
using the Drinfeld currents of Uq(ŝlN ) and a Heisenberg algebra is also given. In Section 4, we
introduce a set of half currents defined from Uq,p(ŝlN ) and derive their commutation relations.
In Section 5, constructing a L-operator in terms of the half currents, we show that it satisfies the
required RLL-relation for Bq,λ(ŝlN ). According to this result, in Section 6, we discuss a free field
realization of the two types of vertex operators of the level one Uq,p(ŝlN )-modules. In addition,
we have four appendices. Appendix A is devoted to a list of operator product expansions used in
the text. In Appendix B, we give a proof of some formulae of commutation relations of the half
currents. In Appendix C, we give a derivation of some formulae contained in the RLL-relation.
Finally, in Appendix D, we give a summary of the N dimensional evaluation representation of
Uq,p(ŝlN ).
2 The Elliptic Quantum Group Bq,λ(ŝlN)
In this section, we give a review on the face type elliptic quantum group Bq,λ(ŝlN ) based on the
results in [5].
2.1 Notations
Through this article, we fix a complex number q 6= 0, |q| < 1. We often use the parameters
p = q2r = e−
2πi
τ , p∗ = pq−2c = q2r
∗
= e−
2πi
τ∗ (r∗ = r − c; r, r∗ ∈ R>0, rτ = r
∗τ∗).
The following notation is standard:
Θp(z) = (z, p)∞(pz
−1; p)∞(p; p)∞,
(z; t1, · · · , tk)∞ =
∏
n1,···,nk≥0
(1− ztn11 · · · t
nk
k ).
We also use the Jacobi theta functions
[v] = q
v2
r
−vΘp(q
2v)
(p; p)3∞
, [v]∗ = q
v2
r∗
−v Θp∗(q
2v)
(p∗; p∗)3∞
,
which satisfy [−v] = −[v] and the quasi-periodicity property
[v + r] = −[v], [v + rτ ] = −e−πiτ−
2πiv
r [v]. (2.1)
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We take the normalization of the theta function to be∮
C0
dz
2πiz
1
[−v]
= 1, (2.2)
where C0 is a simple closed curve in the v-plane encircling v = 0 anticlockwise. The same holds
for [v]∗, with r replaced by r∗, except for the normalization∮
C0
dz
2πiz
1
[−v]∗
=
[v]
[v]∗
∣∣∣
v→0
.
2.2 Definition of the elliptic quantum group Bq,λ(ŝlN)
Let Uq = Uq(ŝlN ) be the standard affine quantum group. Namely, Uq(ŝlN ) is a quasi-triangular
Hopf algebra equipped with the standard coproduct ∆, counit ε, antipode S and universal R
matrix R. Our conventions on the coalgebra structure follows [5]. Let h and h¯ be the Cartan
subalgebras of ŝlN and slN , respectively. We denote a basis and its dual basis of h by {hˆl} and
{hˆl}, respectively. More explicitly, they are given by {hˆl} = {d, c, hj} and {hˆ
l} = {c, d, hj} (1 ≤
j ≤ N − 1), where c and d are a central element and a derivation operator of ŝlN , respectively,
and {hj} and {h
j} are a basis and a dual basis of h¯.
The face type elliptic quantum group Bq,λ(ŝlN ) is a quasi-Hopf deformation of Uq(ŝlN ) by the
face type twistor F (λ) (λ ∈ h). The twistor F (λ) is an invertible element in Uq ⊗ Uq satisfying
(id⊗ ε)F (λ) = 1 = F (λ)(ε⊗ id), (2.3)
F (12)(λ)(∆ ⊗ id)F (λ) = F (23)(λ+ h(1))(id⊗∆)F (λ). (2.4)
where λ =
∑
l λlhˆ
l (λl ∈ C), λ + h
(1) =
∑
l(λl + hˆ
(1)
l )hˆ
l and hˆ
(1)
l = hˆl ⊗ 1 ⊗ 1. An explicit
construction of the twistor F (λ) is given in [5]. A quasi-Hopf deformation means that as an
associative algebra, Bq,λ(ŝlN ) is isomorphic to Uq(ŝlN ), but the coalgebra structure is deformed.
Namely, the coproduct is changed to the new one given by
∆λ(x) = F (λ)∆(x)F (λ)
−1 ∀x ∈ Uq(ŝlN ). (2.5)
∆λ satisfies a weaker coassociativity
(id⊗∆λ)∆λ(x) = Φ(λ)(∆λ ⊗ id)∆λ(x)Φ(λ)
−1 ∀ x ∈ Uq(ŝlN ), (2.6)
Φ(λ) = F (23)(λ)F (23)(λ+ h(1))−1. (2.7)
The universal R-matrix is also deformed to
R(λ) = F (21)(λ)RF (12)(λ)−1. (2.8)
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Definition 2.1 (Elliptic quantum group Bq,λ(ŝlN ))[5] The face type elliptic quantum group
Bq,λ(ŝlN ) is a quasi-triangular quasi-Hopf algebra (Bq,λ(ŝlN ), ∆λ, ε, S, Φ(λ), α, β, R(λ)),
where α, β are defined by
α =
∑
i
S(ki)li, β =
∑
i
miS(ni). (2.9)
Here we set
∑
i ki ⊗ li = F (λ)
−1,
∑
imi ⊗ ni = F (λ).
A characteristic feature of Bq,λ(ŝlN ) is that the universal R matrix R(λ) satisfies the dynam-
ical Yang-Baxter equation.
R(12)(λ+ h(3))R(13)(λ)R(23)(λ+ h(1)) = R(23)(λ)R(13)(λ+ h(2))R(12)(λ). (2.10)
Let (πV,z, Vz), Vz = V ⊗ C[z, z
−1] be a (finite dimensional) evaluation representation of Uq.
Taking images of R, we have a R-matrix R+VW (z, λ) and a L-operator L
+
V (z, λ) as follows.
R+VW (z1/z2, λ) = (πV,z1 ⊗ πW,z2) q
c⊗d+d⊗cR(λ), (2.11)
L+V (z, λ) = (πV,z ⊗ id) q
c⊗d+d⊗cR(λ). (2.12)
Then from (2.10), we have the following dynamical RLL-relation.
R+VW (z1/z2, λ+ h)L
+
V (z1, λ)L
+
W (z2, λ+ h
(1)) = L+W (z2, λ)L
+
V (z1, λ+ h
(2))R+VW (z1/z2, λ).
(2.13)
Note that in Bq,λ(ŝlN ), L
+
V (z, λ) and L
−
V (z, λ) = (πV,z ⊗ id)R
(21)(λ)−1q−c⊗d−d⊗c are not in-
dependent operators (Proposition 4.3 in [5]). Hence just one dynamical RLL-relation (2.13)
characterizes the algebra Bq,λ(ŝlN ) completely in the sense of Reshetikhin and Semenov-Tian-
Shansky [19].
Hereafter we parametrize the dynamical variable λ as
λ = (r∗ +N)d+ s′c+
N−1∑
j=1
(sj + 1)h
j (s′ ∈ C, r∗ ≡ r − c). (2.14)
Under this, we set F (r∗, {sj}) ≡ F (λ) and R(r
∗, {sj}) ≡ R(λ). Since c is central, no s
′
dependence should appear. The dynamical shift λ → λ + h with h = cd +
∑N
j=1 hjh
j, changes
the universal R-matrix R(r∗, {sj}) to R(r, {sj + hj}) ≡ R(λ+ h). Note r
∗ = r − c.
Let us now take (πV,z, Vz) to be the evaluation representation associated with the vector
representation V ∼= CN of Uq(slN ) (see Appendix D). We set
R+(v, s + h) = (πV,z1 ⊗ πV,z2)q
c⊗d+d⊗cR(r, {sj + hj}),
L+(v, s) = (πV,z ⊗ id)q
c⊗d+d⊗cR(r∗, {sj}),
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where zi = q
2vi (i = 1, 2), v = v1 − v2. One can obtain the finite dimensional representation
of the twistor F (r, {sj}) by solving the difference equation for (πV,z1 ⊗ πV,z2)F (r, {sj + hj})
(Eq.(2.30) in [5]) derived by using the explicit realization of F (λ), under the parametrization
(2.14). Then noting the relation R(r, {sj + hj}) = F
(21)(r, {sj + hj})RF
(12)(r, {sj + hj})
−1, we
obtain the R-matrix R+(v, s + h), up to a certain gauge transformation, as
R+(v, s+ h) = ρ+(v)R¯(v, s + h), (2.15)
R¯(v, s+ h) =
N∑
j=1
Ejj ⊗Ejj +
∑
1≤j<l≤N
(
b(v, sj,l + hj,l)Ejj ⊗ Ell + b¯(v)Ell ⊗ Ejj
)
+
∑
1≤j<l≤N
(c(v, sj,l + hj,l)Ejl ⊗ Elj + c¯(v, sj,l + hj,l)Elj ⊗ Ejl) , (2.16)
where sj,l =
∑l−1
m=j sj, hj,l =
∑l−1
m=j hj (1 ≤ j < l ≤ N) and
b(u, s) =
[s+ 1][s − 1][u]
[s]2[u+ 1]
, b¯(u) =
[u]
[u+ 1]
, (2.17)
c(u, s) =
[1][s + u]
[s][u+ 1]
, c¯(u, s) =
[1][s − u]
[s][u+ 1]
. (2.18)
The function ρ+(v) is chosen as
ρ+(v) = q
N−1
N z
N−1
rN
{pq2z}{pq2N−2z}{1/z}{q2N /z}
{pz}{pq2N z}{q2/z}{q2N−2/z}
, (2.19)
where
{z} = (z; p, q2N )∞. (2.20)
Up to a gauge transformation, the R-martrix R+(v, s+h) is nothing but the Boltzmann weight of
the A
(1)
N−1 type face model introduced in [16]. TheR-matrix R
+∗(v, s) = (πV,z1⊗πV,z2)R(r
∗, {sj})
is obtained from R+(v, s) by the replacements r → r∗. Hence, under the parametrization (2.14),
the dynamical RLL-relation takes the form
R+(12)(v, s + h)L+(1)(v1, s)L
+(2)(v2, s + h
(1)) = L+(2)(v2, s)L
+(1)(v1, s+ h
(2))R+∗(12)(v, s).
(2.21)
2.3 Intertwining operators
Let F ,F ′ be highest weight Uq-modules. We denote the type-I and type II intertwining operators
of Uq-modules by Φ(z) and Ψ
∗(z), respectively.
Φ(z) : F −→ F ′ ⊗Wz, Ψ
∗(z) : Wz ⊗F −→ F
′. (2.22)
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Twisting these operators by F (r∗, s), we obtain the corresponding intertwining operators Φ(v, s)
and Ψ∗(v, s) of Bq,λ-modules.
ΦW (v, s) = (id⊗ πW,z)F (r
∗, {sj})Φ(z), (2.23)
Ψ∗W (v, s) = Ψ
∗(z)(πW,z ⊗ id)F (r
∗, {sj})
−1. (2.24)
From the intertwining relation satisfied by Φ(z) and Ψ∗(z), one can derive the following dynam-
ical intertwining relation for the new intertwiners [5].
Φ
(3)
W (v2 +
c
2
, s)L
+(1)
V (v1, s) = R
+(13)
VW (v, s + h)L
+(1)
V (v1, s)Φ
(3)
W (v2 +
c
2
, s+ h(1)),
(2.25)
L
+(1)
V (v1, s)Ψ
∗(2)
W (z2, s+ h
(1)) = Ψ
∗(2)
W (z2, s)L
+(1)
V (v1, s+ h
(2))R
+∗(12)
VW (v1 − v2, s).
(2.26)
Note that (2.25) and (2.26) are the relations for the operators Vz1 ⊗ F → Vz1 ⊗ F ⊗Wz2 and
Vz1 ⊗Wz2 ⊗F → Vz1 ⊗F , respectively.
3 The Elliptic Algebra Uq,p(ŝlN)
In this section, we give a definition of the elliptic algebra Uq,p(ŝlN ). To define the algebra, we
follows mainly the idea given in Appendix A of [12]. Namely, we first introduce the elliptic
currents ei(z, p), fi(z, p) and ψ
±
i (z, p) of Uq(ŝlN ) by modifying the Drinfeld currents of Uq(ŝlN ).
Then we extend them to the currents of Uq,p(ŝlN ) by taking a tensor product with a Heisenberg
algebra C{Hˆ} given in Section 3.4.1. Our definition is an extended version of the one given in
[12] introducing new currents Kj(v) (1 ≤ j ≤ N). The currents {Kj(v)} play an essential role
in the construction of the L-operators (Section 5).
3.1 Drinfeld currents of Uq(ŝlN )
Let us first recall the Drinfeld currents of Uq(ŝlN ) [10]. We use the standard symbol of q-integer
[n]q =
qn − q−n
q − q−1
. (3.1)
We also use the symbol A = (Ajk) to express the Cartan matrix of slN .
Definition 3.1 (Drinfeld currents) The algebra Uq(ŝlN ) is a C-algebra generated by the
generators hi, ai,m, x
±
i,n (i = 1, · · · , N − 1 : m ∈ Z 6=0, n ∈ Z), c, d. In terms of the generating
functions
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x±i (z) =
∑
n∈Z
x±i,nz
−n, (3.2)
ψi(q
c
2 z) = qhi exp
(
(q − q−1)
∑
m>0
ai,mz
−m
)
, (3.3)
ϕi(q
− c
2 z) = q−hi exp
(
−(q − q−1)
∑
m>0
ai,−mz
m
)
(i = 1, · · · , N − 1), (3.4)
the defining relations of Uq(ŝlN ) are given by
c : central, (3.5)
[hi, d] = [d, hi] = [d, ai,m] = [ai,m, d] = 0, (3.6)
[d, x±i,n] = n x
±
i,n, [hi, aj,m] = [aj,m, hi] = 0, (3.7)
[hi, x
±
j (z)] = ±Aij x
±
j (z), (3.8)
[ai,m, aj,n] =
[Aijm]q[cm]q
m
q−c|m|δn+m,0, (3.9)
[ai,m, x
+
j (z)] =
[Aijm]q
m
q−c|m|zmx+j (z), (3.10)
[ai,m, x
−
j (z)] = −
[Aijm]q
m
zmx−j (z), (3.11)
(z1 − q
±Aijz2)x
±
i (z1)x
±
j (z2) = (q
±Aijz1 − z2)x
±
j (z2)x
±
i (z1), (3.12)
[x+i (z1), x
−
j (z2)] =
δi,j
q − q−1
(
δ(q−cz1/z2)ψi(q
c
2 z2)− δ(q
cz1/z2)ϕi(q
− c
2 z2)
)
, (3.13)
(x±i (z1)x
±
i (z2)x
±
j (z)− [2]q x
±
i (z1)x
±
j (z)x
±
i (z2) + x
±
j (z)x
±
i (z1)x
±
i (z2))
+ (x±i (z2)x
±
i (z1)x
±
j (z)− [2]q x
±
i (z2)x
±
j (z)x
±
i (z1) + x
±
j (z)x
±
i (z2)x
±
i (z1)) = 0,
for |i− j| = 1. (3.14)
Here δ(z) denotes the delta function δ(z) =
∑
m∈Z z
m. We call the generators hj , aj,m, x
±
j,n, c, d
the Drinfeld generators of Uq(ŝlN ) and the generating functions x
±
i (z), ψi(z) and ϕi(z) the Drin-
feld currents.
3.2 Elliptic currents of Uq(ŝlN )
We next introduce an elliptic modification of the currents x±i (z), ψi(z) and ϕi(z) according to
[12].
Let us define the auxiliary currents u±i (z, p) by
u+i (z, p) = exp
(∑
m>0
1
[r∗m]q
ai,−m(q
rz)m
)
, (3.15)
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u−i (z, p) = exp
(
−
∑
m>0
1
[rm]q
ai,m(q
−rz)−m
)
. (3.16)
Proposition 3.1 The following commutation relations hold.
u+i (z1, p)x
+
j (z2) =
(p∗qAijz1/z2; p
∗)∞
(p∗q−Aijz1/z2; p∗)∞
x+j (z2)u
+
i (z1, p), (3.17)
u+i (z1, p)x
−
j (z2) =
(p∗qc−Aijz1/z2; p
∗)∞
(p∗qc+Aijz1/z2; p∗)∞
x−j (z2)u
+
i (z1, p), (3.18)
u−i (z1, p)x
+
j (z2) =
(pq−c−Aijz2/z1; p)∞
(pq−c+Aijz2/z1; p)∞
x+j (z2)u
+
i (z1, p), (3.19)
u−i (z1, p)x
−
j (z2) =
(pqAijz2/z1; p)∞
(pq−Aijz2/z1; p)∞
x−j (z2)u
−
i (z1, p), (3.20)
u+i (z1, p)u
−
j (z2, p) =
(pq−c−Aijz1/z2; p)∞
(pq−c+Aijz1/z2; p)∞
(p∗qc+Aijz1/z2; p
∗)∞
(p∗qc−Aijz1/z2; p∗)∞
u−j (z2, p)u
+
i (z1, p).
(3.21)
Definition 3.2 (Elliptic currents) Let us define “dressed” currents ei(z, p), fi(z, p), ψ
±
i (z, p),
(i = 1, · · · , N − 1) by
ei(z, p) = u
+
i (z, p)x
+
i (z), (3.22)
fi(z, p) = x
−
i (z)u
−
i (z, p), (3.23)
ψ+i (z, p) = u
+
i (q
c
2 z, p)ψi(z)u
−
i (q
− c
2 z, p), (3.24)
ψ−i (z, p) = u
+
i (q
− c
2 z, p)ϕi(z)u
−
i (q
c
2 z, p). (3.25)
We call the currents ei(z, p), fi(z, p) and ψ
±
i (z, p) the elliptic currents of Uq(ŝlN ).
The reason why we call “elliptic” is because the dressing operation specified by u±i (z, p) changes
the commutation relation of the Drinfeld currents to the elliptic ones.
Proposition 3.2 The elliptic currents satisfy the following relations.
z1Θp∗(q
Aijz2/z1)ei(z1, p)ej(z2, p) = −z2Θp∗(q
Aijz1/z2)ej(z2, p)ei(z1, p), (3.26)
z1Θp(q
Aijz2/z1)fi(z1, p)fj(z2, p) = −z2Θp(q
Aijz1/z2)fj(z2, p)fi(z1, p), (3.27)
[ei(z1, p), fj(z2, p)] =
δi,j
q − q−1
(
δ(q−cz1/z2)ψ
+
j (q
c
2 z2, p)− δ(q
cz1/z2)ψ
−
j (q
− c
2 z2, p)
)
, (3.28)
q−hjψ+j (q
−r+ c
2 z, p) = qhjψ−j (q
r− c
2 z, p), (3.29)
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ψ+i (z1, p)ψ
+
j (z2, p) =
Θp(q
−Aijz1/z2)Θp∗(q
Aijz1/z2)
Θp(qAijz1/z2)Θp∗(q−Aijz1/z2)
ψ+j (z2, p)ψ
+
i (z1, p), (3.30)
ψ+i (z1, p)ej(z2, p) =
Θp∗(q
Aij+
c
2 z1/z2)
Θp∗(q
−Aij+
c
2 z1/z2)
ej(z2, p)ψ
+
i (z1, p), (3.31)
ψ+i (z1, p)fj(z2, p) =
Θp(q
−Aij−
c
2 z1/z2)
Θp(q
Aij−
c
2 z1/z2)
fj(z2, p)ψ
+
i (z1, p), (3.32)
(p∗q2z2/z1; p
∗)∞
(p∗q−2z2/z1; p∗)∞
{
(p∗q−1z/z1; p
∗)∞(p
∗q−1z/z2; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz/z2; p∗)∞
ei(z1, p)ei(z2, p)ej(z, p)
− [2]q
(p∗q−1z/z1; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz2/z; p∗)∞
ei(z1, p)ej(z, p)ei(z2, p)
+
(p∗q−1z1/z; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz1/z; p∗)∞(p∗qz2/z; p∗)∞
ej(z, p)ei(z1, p)ei(z2, p)
}
+ (z1 ↔ z2) = 0,
(3.33)
(pq−2z2/z1; p)∞
(pq2z2/z1; p)∞
{
(pqz/z1; p)∞(pqz/z2; p)∞
(pq−1z/z1; p)∞(pq−1z/z2; p)∞
fi(z1, p)fi(z2, p)fj(z, p)
− [2]q
(pqz/z1; p)∞(pqz2/z; p)∞
(pq−1z/z1; p)∞(pq−1z2/z; p)∞
fi(z1, p)fj(z, p)fi(z2, p)
+
(pqz1/z; p)∞(pqz2/z; p)∞
(pq−1z1/z; p)∞(pq−1z2/z; p)∞
fj(z, p)fi(z1, p)fi(z2, p)
}
+ (z1 ↔ z2) = 0,
for |i− j| = 1. (3.34)
3.3 New currents kj(v)
In this subsection, we consider a decomposition of the elliptic currents ψ±j (z, p) (1 ≤ j ≤
N − 1) corresponding to the decomposition (3.58). For this purpose, we introduce new currents
kj(v) (1 ≤ j ≤ N).
We first note that the currents ψ±j (z, p) are expressed by using the Drinfeld generators aj,m
as follows.
ψ±j (q
∓(r− c
2
)z, p) = q±hj : exp
−∑
m6=0
1
[r∗m]q
bj,m(q
N−jz)−m
 :, (3.35)
where we set
bj,m =

[r∗m]q
[rm]q
aj,m m > 0
qc|m|aj,m m < 0.
(3.36)
The colons in (3.35) denote the standard normal ordering.
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Let us introduce new generators, Bjm (j = 1, · · · , N ;m ∈ Z), according to the formula
−Bjm +B
j+1
m =
m
[m]q
bj,mq
(N−j)m,
N∑
j=1
q2jmBjm = 0, (3.37)
or more explicitly,
Bjm =
m
[m]q[Nm]q
j−1∑
k=1
[km]q bk,m − q
Nm
N−1∑
k=j
[(N − k)m]q bk,m
 . (3.38)
From this and (3.9)-(3.11), we derive the following commutation relations.
Proposition 3.3 For m,m′ ∈ Z 6=0, j, k = 1, · · · , N , the following commutation relations
hold.
[Bjm, B
k
m′ ] = mδm+m′,0
[r∗m]q[cm]q
[rm]q[m]q[Nm]q
×
 [(N − 1)m]q (j = k)−q−mNsgn(j−k)[m]q (j 6= k), (3.39)
[Bjm, x
±
j (z)] = ∓q
m(N+1−j−c)zmx±j (z)×

[r∗m]q
[rm]q
(m > 0)
qcm (m < 0),
(3.40)
[Bj+1m , x
±
j (z)] = ±q
m(N−1−j−c)zmx±j (z)×

[r∗m]q
[rm]q
(m > 0)
qcm (m < 0),
(3.41)
[Bkm, x
±
j (z)] = 0 (k 6= j, j + 1). (3.42)
We now define new currents kj(z, p) (1 ≤ j ≤ N) by
kj(z, p) =: exp
∑
m6=0
[m]q
m[r∗m]q
Bjmz
−m
 : . (3.43)
Then, from (3.35) and (3.37), we have the following decomposition.
ψ±j (q
±(r− c
2
)z, p) = κ q±hjkj(q
N−jz, p)kj+1(q
N−jz, p)−1,
κ =
(p; p)∞(p
∗q2; p∗)∞
(p∗; p∗)∞(pq2; p)∞
. (3.44)
It is also easy to verify the following commutation relations.
Proposition 3.4
kj(z1, p)kj(z2, p) =
(
z1
z2
)N−1
N
( 1
r
− 1
r∗
)
ρ(v1 − v2)kj(z2, p)kj(z1, p), (3.45)
kj1(z1, p)kj2(z2, p) =
(
z1
z2
)N−1
N
( 1
r
− 1
r∗
)
ρ(v1 − v2)
Θp(z1/z2)
Θp(q−2z1/z2)
Θp∗(q
−2z1/z2)
Θp∗(z1/z2)
kj2(z2, p)kj1(z1, p),
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(1 ≦ j1 < j2 ≦ N), (3.46)
k1(z, p)k2(q
2z, p) · · · kN−1(q
2(N−2)z, p)kN (q
2(N−1)z, p) = c
(N−1)
N , (3.47)
kj(z1, p)ej(z2, p) =
Θp∗(q
j−N+r∗z1/z2)
Θp∗(qj−N+r
∗−2z1/z2)
ej(z2, p)kj(z1, p), (3.48)
kj+1(z1, p)ej(z2, p) =
Θp∗(q
j−N+r∗z1/z2)
Θp∗(qj−N+r
∗+2z1/z2)
ej(z2, p)kj+1(z1, p), (3.49)
ki(z1, p)ej(z2, p) = ej(z2, p)ki(z1, p), (i 6= j, j + 1), (3.50)
kj(z1, p)fj(z2, p) =
Θp(q
j−N+r−2z1/z2; p)
Θp(qj−N+rz1/z2; p)
fj(z2, p)kj(z1, p), (3.51)
kj+1(z1, p)fj(z2, p) =
Θp(q
j−N+r+2z1/z2)
Θp(qj−N+rz1/z2)
fj(z2, p)kj+1(z1, p), (3.52)
ki(z1, p)fj(z2, p) = fj(z2, p)ki(z1, p), (i 6= j, j + 1). (3.53)
Here we set
ρ(v) =
ρ+(v)
ρ+∗(v)
, (3.54)
cN =
{pq2N+4}{pq2N}{p∗q2N+2}∗2
{pq2N+2}2{p∗q2N+4}∗{p∗q2N}∗
(3.55)
with ρ+(v) given in (2.19) and ρ+∗(v) = ρ+(v)|r→r∗.
3.4 Definition of the elliptic algebra Uq,p(ŝlN)
Now we give a definition of the elliptic algebra Uq,p(ŝlN ) by considering a tensor product of the
elliptic currents of Uq(ŝlN ) with a Heisenberg algebra. In order to keep the defining relations of
the algebra Uq,p(ŝlN ) with the new currents Kj(v) same as those given in Appendix A of [12],
we need to make a central extension of the Heisenberg algebra.
3.4.1 The Heisenberg algebra C{H} and its extension C{Hˆ}
Let ǫj (1 ≤ j ≤ N) be the orthonormal basis in R
N with the inner product 〈ǫj , ǫk〉 = δj,k.
Setting
ǫ¯j = ǫj − ǫ, ǫ =
1
N
N∑
j=1
ǫj, (3.56)
we have the weight lattice P of A
(1)
N−1
P = ⊕Nj=1Z ǫ¯j. (3.57)
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Then the simple roots αj (1 ≤ j ≤ N − 1) of slN are given by
αj = −ǫ¯j + ǫ¯j+1. (3.58)
Let us introduce operators hα, β (α, β ∈ P ) by
[hǫ¯j , ǫ¯k] = 〈ǫ¯j , ǫ¯k〉, [hǫ¯j , hǫ¯k ] = 0 = [ǫ¯j , ǫ¯k], (3.59)
hα =
∑
j njhǫ¯j for α =
∑
j nj ǫ¯j and h0 = 0. Note that 〈ǫ¯j , ǫ¯k〉 = δj,k −
1
N
and [hαj , αk] =
2δj,k − δj,k+1 − δj,k−1 = Ajk. Hence, we identify hαj = −hǫ¯j + hǫ¯j+1 with hj in the Drinfeld
generators of Uq(ŝlN ) (Section 3.1). Noting
∑N
j=1 hǫ¯j = 0, one can solve a set of equation
hj = −hǫ¯j + hǫ¯j+1 (1 ≤ j ≤ N − 1) for hǫ¯j .
hǫ¯j =
j−1∑
k=1
hk −
1
N
N−1∑
k=1
(N − k)hk. (3.60)
From this and (3.6)-(3.8), one can verify the following commutation relations with the Drinfeld
generators c, d, aj,m, x
±
j,m of Uq(ŝlN ).
[hǫ¯i , ajm ] = [hǫ¯i , d] = [hǫ¯i , c] = 0, (3.61)
[hǫ¯i , x
±
j,m] = ±(−δi,j + δi,j+1)x
±
j,m. (3.62)
Now let us introduce another Heisenberg algebra C{H} generated by Pα and Qβ (α, β ∈ P )
satisfying the commutation relations
[Pǫ¯j , Qǫ¯k ] = 〈ǫ¯j , ǫ¯k〉, [Pǫ¯j , Pǫ¯k ] = 0 = [Qǫ¯j , Qǫ¯k ], (3.63)
where Pα =
∑
j njPǫ¯j for α =
∑
j nj ǫ¯j and P0 = 0. We also impose that C{H} commutes with
Uq(ŝlN ).
[Pǫ¯j , α] = [Qǫ¯j , α] = 0, (3.64)
[Pǫ¯j , Uq(ŝlN )] = [Qǫ¯j , Uq(ŝlN )] = 0. (3.65)
Definition 3.5 We define an extension C{Hˆ} of the Heisenberg algebra C{H} by introducing
new generators ηj (1 ≤ j ≤ N − 1) and modifying the relations (3.63) to the following ones.
[Pǫ¯j , Qǫ¯k ] = 〈ǫ¯j, ǫ¯k〉, [Pǫ¯j , Pǫ¯k ] = 0, (3.66)
[Qǫ¯j , Qǫ¯k ] =
(
1
r
−
1
r∗
)
sgn(j − k)log q, (3.67)
[Qǫ¯j , ηk] =
1
r
sgn(j − k) log q, (3.68)
[ηj , ηk] =
1
r
sgn(j − k) log q, (3.69)
[Pǫ¯j , ηk] = 0,
N∑
j=1
ηj = 0. (3.70)
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We also impose the following commutation relations.
[ηj , α] = [ηj , Uq(ŝlN )] = 0. (3.71)
If we set α¯j = −ηj + ηj+1, we have
Proposition 3.6
[Qαj , Qαk ] =
(
1
r
−
1
r∗
)
(δj,k+1 − δj,k−1) log q, (3.72)
[Qǫ¯j , Qαk ] = −
(
1
r
−
1
r∗
)
(δj,k + δj,k+1) log q, (3.73)
[Qǫ¯j , α¯k] = −
1
r
(δj,k + δj,k+1) log q, (3.74)
[Qαj , α¯k] =
1
r
(δj,k+1 − δj,k−1) log q, (3.75)
[α¯j , α¯k] =
1
r
(δj,k+1 − δj,k−1) log q, (3.76)
[α¯j , Pǫ¯k ] = [α¯j , Uq(ŝlN )] = 0. (3.77)
3.4.2 Definition of Uq,p(ŝlN )
Now we are ready to define the currents Ej(v), Fj(v),H
±
j (v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤
j ≤ N).
Ej(v) = ej(z, p)e
α¯j e−Qαj (q−j+Nz)−
Pαj
−1
r∗ , (3.78)
Fj(v) = fj(z, p)e
−α¯j (q−j+Nz)
Pαj
−1
r (q−j+Nz)
hj
r , (3.79)
H±j (v) = ψ
±
j (z, p)q
∓hje−Qαj (q−j+N±(r−
c
2
)z)(−
1
r∗
+ 1
r
)(Pαj−1)+
1
r
hj , (3.80)
Kj(v) = kj(z, p)e
Qǫ¯j z(
1
r∗
− 1
r
)Pǫ¯j z−
1
r
hǫ¯j+(
1
r∗
− 1
r
)N−1
2N . (3.81)
Here the currents ej(z, p), fj(z, p), ψ
±
j (z, p) and kj(z, p) are the elliptic currents of Uq(ŝlN ) given
in (3.22)-(3.25) and (3.43), whereas α¯j , Pα, Qβ (α, β ∈ P ) are the elements in the Heisenberg
algebra C{Hˆ}. From (3.26)-(3.28), (3.45)-(3.53) and (3.66)-(3.71), we can verify the following
relations.
Proposition 3.7
Ei(v1)Ej(v2) =
[v1 − v2 +
Aij
2 ]
∗
[v1 − v2 −
Aij
2 ]
∗
Ej(v2)Ei(v1), (3.82)
Fi(v1)Fj(v2) =
[v1 − v2 −
Aij
2 ]
[v1 − v2 +
Aij
2 ]
Fj(v2)Fi(v1), (3.83)
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[Ei(v1), Fj(v2)] =
δi,j
q − q−1
(
δ(q−cz1/z2)H
+
j
(
v2 +
c
4
)
− δ(qcz1/z2)H
−
j
(
v2 −
c
4
))
, (3.84)
H±j
(
v ∓
1
2
(
r −
c
2
))
= κKj
(
v +
N − j
2
)
Kj+1
(
v +
N − j
2
)−1
, (3.85)
Kj(v1)Kj(v2) = ρ(v1 − v2)Kj(v2)Kj(v1), (3.86)
Kj1(v1)Kj2(v2) = ρ(v1 − v2)
[v1 − v2 − 1]
∗[v1 − v2]
[v1 − v2]∗[v1 − v2 − 1]
Kj2(v2)Kj1(v1)
(1 ≦ j1 < j2 ≦ N), (3.87)
Kj(v1)Ej(v2) =
[v1 − v2 +
j+r∗−N
2 ]
∗
[v1 − v2 +
j+r∗−N
2 − 1]
∗
Ej(v2)Kj(v1), (3.88)
Kj+1(v1)Ej(v2) =
[v1 − v2 +
j+r∗−N
2 ]
∗
[v1 − v2 +
j+r∗−N
2 + 1]
∗
Ej(v2)Kj+1(v1), (3.89)
Kj1(v1)Ej2(v2) = Ej2(v2)Kj1(v1) (j1 6= j2, j2 + 1), (3.90)
Kj(v1)Fj(v2) =
[v1 − v2 +
j+r−N
2 − 1]
[v1 − v2 +
j+r−N
2 ]
Fj(v2)Kj(v1), (3.91)
Kj+1(v1)Fj(v2) =
[v1 − v2 +
j+r−N
2 + 1]
[v1 − v2 +
j+r−N
2 ]
Fj(v2)Kj+1(v1), (3.92)
Kj1(v1)Fj2(v2) = Fj2(v2)Kj1(v1) (j1 6= j2, j2 + 1), (3.93)
z
− 1
r∗
1
(p∗q2z2/z1; p
∗)∞
(p∗q−2z2/z1; p∗)∞
{
(z2/z)
1
r∗
(p∗q−1z/z1; p
∗)∞(p
∗q−1z/z2; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz/z2; p∗)∞
Ei(v1)Ei(v2)Ej(v)
− [2]q
(p∗q−1z/z1; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz2/z; p∗)∞
Ei(v1)Ej(v)Ei(v2)
+ (z/z1)
1
r∗
(p∗q−1z1/z; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz1/z; p∗)∞(p∗qz2/z; p∗)∞
Ej(v)Ei(v1)Ei(v2)
}
+ (z1 ↔ z2) = 0,
(3.94)
z
1
r
1
(pq−2z2/z1; p)∞
(pq2z2/z1; p)∞
{
(z/z2)
1
r
(pqz/z1; p)∞(pqz/z2; p)∞
(pq−1z/z1; p)∞(pq−1z/z2; p)∞
Fi(v1)Fi(v2)Fj(v)
− [2]q
(pqz/z1; p)∞(pqz2/z; p)∞
(pq−1z/z1; p)∞(pq−1z2/z; p)∞
Fi(v1)Fj(v)Fi(v2)
+ (z1/z)
1
r
(pqz1/z; p)∞(pqz2/z; p)∞
(pq−1z1/z; p)∞(pq−1z2/z; p)∞
Fj(v)Fi(v1)Fi(v2)
}
+ (z1 ↔ z2) = 0 (|i − j| = 1).
(3.95)
Here the constant κ and the function ρ(v) are given in (3.44) and (3.54), respectively.
The following relations among H±j (v) are also useful.
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Proposition 3.8
H+j
(
v − r +
c
4
)
= H−j
(
v −
c
4
)
, (3.96)
H+i (v1)H
+
j (v2) =
[v1 − v2 −
Aij
2 ][v1 − v2 +
Aij
2 ]
∗
[v1 − v2 +
Aij
2 ][v1 − v2 −
Aij
2 ]
∗
H+j (v2)H
+
i (v1), (3.97)
H+i (v1)Ej(v2) =
[v1 − v2 +
Aij
2 +
c
4 ]
∗
[v1 − v2 −
Aij
2 +
c
4 ]
∗
Ej(v2)H
+
i (v1), (3.98)
H+i (v1)Fj(v2) =
[v1 − v2 −
Aij
2 −
c
4 ]
[v1 − v2 +
Aij
2 −
c
4 ]
Fj(v2)H
+
i (v1), (3.99)
Definition 3.9 ( Elliptic algebra Uq,p(ŝlN ) ) We define the elliptic algebra Uq,p(ŝlN ) to be
the associative algebra of the currents Ej(v), Fj(v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤ j ≤ N)
satisfying the relations (3.82)-(3.95).
Proposition 3.10 The construction of Ej(v), Fj(v) and Kj(v) given in (3.78)-(3.81) is a real-
ization of the elliptic algebra Uq,p(ŝlN ) in terms of the Drinfeld generators of Uq(ŝlN ), hǫ¯j , B
j
m, x
±
i,n
(i = 1, · · · , N − 1 : m ∈ Z 6=0, n ∈ Z), c, d and the Heisenberg algebra C{Hˆ} generated by
Pǫ¯j , Qǫ¯j (1 ≤ j ≤ N) and α¯j (1 ≤ j ≤ N − 1).
Remark. In Appendix A of [12], a realization of the elliptic algebra Uq,p(ŝlN ) is given by using
the Drinfeld currents of Uq(ŝlN ) and the Heisenberg algebra generated by {Pj , Qj} satisfying
[Pi, Qj ] = −
Aij
2
, (3.100)
which has no central extension. The relation between {Pj , Qj} and {Pαj , Qαj} in C{H} is
Pαj = Pj and Qαj = −2Qj . The role of the central extension and the additional elements ηj
(3.67)-(3.69) is to suppress some extra q-fractional-power-factors in the relations in Proposition
3.7. As for the problem realizing the L-operators satisfying the dynamical RLL-relation (Section
5), such q-factors can be absorbed into a choice of the gauge expressing theR-matrix. Conversely,
in a gauge expressing the R-matrix components as b(u, s) = q−
1
r
[s+1][s−1][u]
[s]2[u+1] , b¯(u) = q
1
r
[u]
[u+1] and
the others remaining the same as in (2.18), we need neither the central extension nor the addition
of ηj.
4 Half Currents
In order to construct a L-operator, we here introduce the half currents E+l,j(v), F
+
j,l(v) and K
+
j (v)
and investigate their commutation relations. We follow the idea of [20, 4, 12].
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We often use the abbreviations
Pj,l = −Pǫ¯j + Pǫ¯l = Pαj + Pαj+1 + · · ·+ Pαl−1 , (4.1)
hj,l = −hǫ¯j + hǫ¯l = hj + hj+1 + · · · + hl−1 (4.2)
for j < l. From the definition of C{Hˆ} and (3.78)-(3.81), we have
[Kj(v), Pk,l] = (δj,k − δj,l)Kj(v) = [Kj(v), Pk,l + hk,l], (4.3)
[Ej(v), Pk,l] = (δj,k + δj+1,l − δj,l − δj+1,k)Ej(v), (4.4)
[Fj(v), Pj,l + hj,l] = (δj,k + δj+1,l − δj,l − δj+1,k)Fj(v), (4.5)
[Fj(v), Pk,l] = 0 = [Ej(v), Pk,l + hk,l]. (4.6)
Now we define the half currents of Uq,p(ŝlN ) as follows.
Definition 4.1 (Half currents) We define the half currents F+j,l(v), E
+
l,j(v), (1 ≤ j < l ≤ N)
and K+j (v) (j = 1, · · · , N) by
K+j (v) = Kj
(
v +
r + 1
2
)
(1 ≤ j ≤ N), (4.7)
F+j,l(v) = aj,l
∮
C(j,l)
l−1∏
m=j
dzm
2πizm
Fl−1(vl−1)Fl−2(vl−2) · · ·Fj(vj)
×
[v − vl−1 + Pj,l + hj,l +
l−N
2 − 1][1]
[v − vl−1 +
l−N
2 ][Pj,l + hj,l − 1]
×
l−2∏
m=j
[vm+1 − vm + Pj,m+1 + hj,m+1 −
1
2 ][1]
[vm+1 − vm +
1
2 ][Pj,m+1 + hj,m+1]
, (4.8)
E+l,j(v) = a
∗
j,l
∮
C∗(j,l)
l−1∏
m=j
dzm
2πizm
Ej(vj)Ej+1(vj+1) · · ·El−1(vl−1)
×
[v − vl−1 − Pj,l +
l−N
2 +
c
2 + 1]
∗[1]∗
[v − vl−1 +
l−N
2 +
c
2 ]
∗[Pj,l − 1]∗
×
l−2∏
m=j
[vm+1 − vm − Pj,m+1 +
1
2 ]
∗[1]∗
[vm+1 − vm +
1
2 ]
∗[Pj,m+1 − 1]∗
. (4.9)
Here the integration contour C(j, l) and C∗(j, l) are given by
C(j, l) : |pql−Nz| < |zl−1| < |q
l−Nz|,
|pqzk+1| < |zk| < |qzk+1|, (4.10)
C∗(j, l) : |p∗ql−N+cz| < |zl−1| < |q
l−N+cz|,
|p∗qzk+1| < |zk| < |qzk+1|, (4.11)
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where k = j, j + 1, .., l − 2. The constants aj,l and a
∗
j,l are chosen to satisfy
κ aj,la
∗
j,l[1]
q − q−1
= 1. (4.12)
Then we can verify the following commutation relations
Theorem 4.1 The half currents E+l,j(v), F
+
j,l(v) and Kj(v) (1 ≤ j < l ≤ N) satisfy the
following relations.
K+j (v1)K
+
j (v2) = ρ(v)K
+
j (v2)K
+
j (v1) (1 ≤ j ≤ N), (4.13)
K+j (v1)K
+
l (v2) = ρ(v)
[v − 1]∗[v]
[v]∗[v − 1]
K+l (v2)K
+
j (v1) (1 ≤ j < l ≤ N), (4.14)
K+l (v1)
−1E+l,j(v2)K
+
l (v1) = E
+
l,j(v2)
1
b¯∗(v)
− E+l,j(v1)
c∗(v, Pj,l)
b¯∗(v)
, (4.15)
K+l (v1)F
+
j,l(v2)K
+
l (v1)
−1 =
1
b¯(v)
F+j,l(v2)−
c¯(v, Pj,l + hj,l)
b¯(v)
F+j,l(v1), (4.16)
[1− v]∗
[v]∗
E+l,j(v1)E
+
l,j(v2) +
[1 + v]∗
[v]∗
E+l,j(v2)E
+
l,j(v1)
= E+l,j(v1)
2 [1]
∗[Pj,l − 2 + v]
∗
[Pj,l − 2]∗[v]∗
+ E+l,j(v2)
2 [1]
∗[Pj,l − 2− v]
∗
[Pj,l − 2]∗[v]∗
, (4.17)
[1 + v]
[v]
F+j,l(v1)F
+
j,l(v2) +
[1− v]
[v]
F+j,l(v2)F
+
j,l(v1)
= F+j,l(v1)
2 [1][Pj,l + hj,l − 2− v]
[Pj,l + hj,l − 2][v]
+ F+j,l(v2)
2 [1][Pj,l + hj,l − 2 + v]
[Pj,l + hj,l − 2][v]
, (4.18)
K+l (v2)
−1E+l,k(v1)K
+
l (v2)E
+
l,j(v2)
= K+l (v1)
−1E+l,j(v2)K
+
l (v1)E
+
l,k(v1)R¯
∗kj
kj (v, Pj,k)
+K+l (v1)
−1E+l,k(v2)K
+
l (v1)E
+
l,j(v1)R¯
∗kj
jk (v, Pj,k) (j 6= k), (4.19)
F+k,l(v2)K
+
l (v2)F
+
j,l(v1)K
+
l (v2)
−1
= R¯jkjk(v, Pj,k + hj,k)F
+
j,l(v1)K
+
l (v1)F
+
k,l(v2)K
+
l (v1)
−1
+R¯kjjk(v, Pj,k + hj,k)F
+
k,l(v1)K
+
l (v1)F
+
j,l(v2)K
+
l (v1)
−1 (j 6= k), (4.20)
[E+l,l−1(v1), F
+
j,l(v2)] = F
+
j,l−1(v2)K
+
l−1(v2)K
+
l (v2)
−1 [Pl−1,l − v − 1]
∗[1]∗
[v]∗[Pl−1,l − 1]∗
−F+j,l−1(v1)K
+
l (v1)
−1K+l−1(v1)
[Pj,l + hj,l − v − 1][1]
[v1 − v2][Pj,l + hj,l − 1]
, (4.21)
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[E+l,j(v1), F
+
l−1,l(v2)] = K
+
l−1(v2)K
+
l (v2)
−1E+l−1,j(v2)
[Pj,l − v − 1]
∗[1]∗
[v]∗[Pj,l − 1]∗
−K+l (v1)
−1K+l−1(v1)E
+
l−1,j(v1)
[Pl−1,l + hl−1,l − v − 1][1]
[v][Pl−1,l + hl−1,l − 1]
, (4.22)
where v = v1 − v2.
Proof. The relations (4.13) and (4.14) are direct consequences of (3.86) and (3.87).
We show the relation (4.16). The relations (4.15) can be proved in the same way. Setting
πl,j = Pj,l + hj,l, we have from (3.91)-(3.92) and (4.3),
K+l (v1)F
+
j,l(v2)K
+
l (v1)
−1
= aj,l
∮
C(j,l)
l−1∏
k=j
dz′k
2πiz′k
Fl−1(v
′
l−1)Fl−2(v
′
l−2) · · ·Fj(v
′
j)
×
[v1 − v
′
l−1 +
l−N
2 + 1][v2 − v
′
l−1 + πl,j +
l−N
2 − 2][1]
[v1 − v
′
l−1 +
l−N
2 ][v2 − v
′
l−1 +
l−N
2 ][πl,j − 2]
A(vl−1, .., vj ;πl−1,j , .., πj+1,j),
where we set
A(v′l−1, .., v
′
j ;πl−1,j, .., πj+1,j) =
l−2∏
k=j
[v′k+1 − v
′
k + πk+1,j −
1
2 ][1]
[v′k+1 − v
′
k +
1
2 ][πk+1,j]
. (4.23)
Then the relation (4.16) follows from the theta function identity
[u1 + t][u2 + s]
[u1][u2][s]
=
[u1 − u2 + t][u2 + s+ t]
[u1 − u2][u2][s + t]
+
[u2 − u1 + s][u1 + s+ t][t]
[u2 − u1][u1][s][s+ t]
(4.24)
with the replacement ui = vi − v
′
l−1 +
l−N
2 (i = 1, 2), s = πl,j − 2, t = 1.
Proofs of (4.17)-(4.18) and (4.19)-(4.20) are lengthy. We put them in Appendix B.
Next let us consider the relation (4.21). Integrating the delta function appearing from (3.84),
we have
(aj,la
∗
j,l)
−1(q − q−1)[E+l,l−1(v1), F
+
j,l(v2)]
=
{∮
C+
l−1
dz′l−1
2πiz′l−1
· · ·
∮
dz′j
2πiz′j
H+l−1
(
v′l−1 +
c
4
)
F+l−1(v
′
l−1) · · ·F
+
j (v
′
j)
[u1 − πl,l−1 + 1]
∗[1]∗
[u1]∗[πl,l−i − 1]∗
−
∮
C−
l−1
dz′l−1
2πiz′l−1
· · ·
∮
dz′j
2πiz′j
H−l−1
(
v′l−1 −
c
4
)
F+l−1(v
′
l−1) · · ·F
+
j (v
′
j)
[u1 − πl,l−1 + 1 + c]
∗[1]∗
[u1 + c]∗[πl,l−i − 1]∗
}
×A(v′l−1, .., v
′
j ;πl−1,j, .., πj+1,j).
Here the contours C±l−1 are now
C+l−1 encloses z1p
∗n, z2p
n (n = 1, 2, ...),
C−l−1 encloses z1q
2cp∗n, z2p
n (n = 1, 2, ...).
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Then in the second term, changing the variable z′l−1 → pz
′
l−1 and using the relation H
−(v′+ r−
c/4) = H+(v′ + c/4), we have the same integrand as the first term but the integration contour
C−l−1 becomes
C−
′
l−1 encloses z1p
∗n, z2p
n (n = 0, 1, 2, ...).
Therefore taking the residue at z′l−1 = z1, z2 and using the relation (3.85), we get (4.21).
Q.E.D.
5 The L-operator of Uq,p(ŝlN) and Relation to Bq,λ(ŝlN)
In this section, we construct a L-operator L̂+(u) by using the half currents and show that it
satisfies the dynamical RLL-relation (2.21), which characterizes the algebra Bq,λ(ŝlN ). We then
clarify the relation between the two elliptic algebras Uq,p(ŝlN ) and Bq,λ(ŝlN ).
5.1 L-operator
Definition 5.1 (L-operator) By using the half currents, we define the L-operator L̂+(v) ∈
End(CN )⊗ Uq,p(ŝlN ) as follows.
L̂+(u) =

1 F+1,2(u) F
+
1,3(u) · · · F
+
1,N (u)
0 1 F+2,3(u) · · · F
+
2,N (u)
...
. . .
. . .
. . .
...
...
. . . 1 F+N−1,N (u)
0 · · · · · · 0 1


K+1 (u) 0 · · · 0
0 K+2 (u)
...
...
. . . 0
0 · · · 0 K+N (u)

×

1 0 · · · · · · 0
E+2,1(u) 1
. . .
...
E+3,1(u) E
+
3,2(u)
. . .
. . .
...
...
...
. . . 1 0
E+N,1(u) E
+
N,2(u) · · · E
+
N,N−1(u) 1

. (5.1)
Here E+l,j(v), F
+
j,l(v) and K
+
j (v) are the half currents given in Section 4.
Let (πz, Vz), Vz = V ⊗ C[z, z
−1] be the evaluation representation of Uq(ŝlN ) based on the
vector representation V ∼= CN (see Appendix D). The image of the universal R-matrixR(r, {sj})
of Bq,λ(ŝlN ) in the evaluation representation (πV,z ⊗ πV,1) is given by the R-matrix R
+(v, P ) in
(2.15). Then from a direct comparison with the relations of the half currents in Theorem 4.1,
we conjecture the following property of the L-operator.
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Conjecture 5.1 The L-operator L̂+(v) satisfies the following RLL = LLR∗ relation.
R+(12)(v1 − v2, P + h)L̂
+(1)(v1)L̂
+(2)(v2) = L̂
+(2)(v2)L̂
+(1)(v1)R
+∗(12)(v1 − v2, P ). (5.2)
In Appendix C, we give a derivation of some of the relations among the half currents involved
in (5.2) and discuss their direct comparison with those in Theorem 4.1. In Section 6.3, we give
a proof of this statement in the case c = 1.
5.2 Uq,p(ŝlN) and Bq,λ(ŝlN)
Based on the conjecture, we give a relation between Uq,p(ŝlN ) and Bq,λ(ŝlN ). We argue that
the RLL relation (5.2) is equivalent to the dynamical RLL relation of Bq,λ(ŝlN ). Hence we can
regard the elliptic currents in Uq,p(ŝlN ) as an elliptic analogue of the Drinfeld currents in Uq(ŝlN )
providing a new realization of the elliptic quantum group Bq,λ(ŝlN ).
In order to show this, we consider the realization of Uq,p(ŝlN ) given in (3.78)-(3.81) and
modify the half currents in such a way that they have no Qǫ¯j , ηj (1 ≤ j ≤ N) dependence. Let
us define the modified half currents k+j (v, P ) (1 ≤ j ≤ N) and e
+
j,l(v, P ), f
+
l,j(v, P ) (1 ≤ j < l ≤
N − 1) as follows.
k+j (v, P ) = K
+
j (v)e
−Qǫ¯j , (5.3)
e+l,j(v, P ) = e
Qǫ¯l−ηlE+l,j(v)e
−Qǫ¯j+ηj , (5.4)
f+j,l(v, P ) = e
−ηjF+j,l(v)e
ηl . (5.5)
Then it is easy to see from (3.78)-(3.81) and (4.7)-(4.9) that the modified half currents depend
on neither Qǫ¯j nor ηj and commute with Pǫ¯j ∀j. We hence regard them as the currents in
Uq(ŝlN ) with parameters Pǫ¯j and r.
Now we define a modified L-operator L+(v, P ) by
L+(u, P ) =

1 f+1,2(u, P ) f
+
1,3(u, P ) · · · f
+
1,N (u, P )
0 1 f+2,3(u, P ) · · · f
+
2,N (u, P )
...
. . .
. . .
. . .
...
...
. . . 1 f+N−1,N (u, P )
0 · · · · · · 0 1

×

k+1 (u, P ) 0 · · · 0
0 k+2 (u, P )
...
...
. . . 0
0 · · · 0 k+N (u, P )


1 0 · · · · · · 0
e+2,1(u, P ) 1
. . .
...
e+3,1(u, P ) e
+
3,2(u, P )
. . .
. . .
...
...
...
. . . 1 0
e+N,1(u, P ) e
+
N,2(u, P ) · · · e
+
N,N−1(u, P ) 1

.
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(5.6)
Then the L-operator L̂+(v) and the modified one L+(v, P ) are related by
L+(v, P ) = L̂+(v)

e−Qǫ¯1 0 · · · 0
0 e−Qǫ¯2
...
...
. . . 0
0 · · · 0 e−Qǫ¯N
 = L̂
+(v) exp
{
N∑
m=1
h(1)ǫmQǫ¯m
}
. (5.7)
Here h
(1)
ǫj = hǫj ⊗ 1, hǫm ≡ −Emm (a N ×N matrix unit). The reader should not confuse hǫm
with hǫ¯m , but note hj = −hǫ¯j + hǫ¯j+1 = −hǫj + hǫj+1 on V .
Substituting (5.7) into (5.2) and noting the commutation relations
Pj,l exp
{
N∑
m=1
h(k)ǫmQǫ¯m
}
= exp
{
N∑
m=1
h(k)ǫmQǫ¯m
}
(Pj,l + h
(k)
j,l ) (5.8)
and [
N∑
m=1
(h(1)ǫm + h
(2)
ǫm )Qǫ¯m, R
+∗(12)(v, P )
]
= 0, (5.9)
or equivalently [
Qǫ¯j +Qǫ¯l , Pj,l
]
= 0, (5.10)
we can move each factor exp
{
−
∑N
m=1 h
(k)
ǫmQǫ¯m
}
(k = 1, 2) to the right end in the both sides.
We then obtain the following statement.
Corollary 5.2 The modified L-operator L+(v, P ) satisfies the dynamical RLL relation
R+(12)(v, P + h)L+(1)(v1, P )L
+(2)(v2, P + h
(1)) = L+(2)(v2, P )L
+(1)(v1, P + h
(2))R+∗(12)(v, P ),
(5.11)
where v = v1 − v2.
Comparing this with (2.21), we identify our L+(v, P ) with L+(v, s) in (2.21) and sj with Pαj .
Note the parametrization (2.14). As a consequence of this result, we regard the elliptic currents
Ej(v), Fj(v) (1 ≤ j ≤ N − 1) and Kj(v) (1 ≤ j ≤ N) in Uq,p(ŝlN ) as the Drinfeld currents of
the elliptic quantum group Bq,λ(ŝlN ) up to tensoring with the Heisenberg algebra. Conversely,
this indicates that Uq,p(ŝlN ) is an extension of the algebra Bq,λ(ŝlN ) by tensoring the Heisenberg
algebra C{Hˆ} generated by {Pǫ¯j , Qǫ¯j , ηj}. Namely, Uq,p(ŝlN ) is obtained from Bq,λ(ŝlN ), first by
tensoring the half of the generators enQǫ¯j emηl (1 ≤ j, l ≤ N ;n,m ∈ Z), then regarding sj = Pαj
and imposing the commutation relations (3.66)-(3.71). Hence
Uq,p(ŝlN ) = Bq,λ(ŝlN )⊗C{Pǫ¯1 ,Pǫ¯2 ,..,Pǫ¯N−1} C{Hˆ}. (5.12)
23
6 Vertex Operators of Uq,p(ŝlN)
Tensoring the Heisenberg algebra breaks down the coalgebra structure of Bq,λ(ŝlN ) [12]. But we
can still define Uq,p(ŝlN ) counterparts of the intertwining operators of Bq,λ(ŝlN ). We call such
operators the vertex operators of Uq,p(ŝlN ). In this section, we study such vertex operators and
compare them with those of the A
(1)
N−1-type face model obtained in the papers [14, 15].
6.1 Intertwining relations
Here we derive Uq,p(ŝlN ) counterparts of the dynamical intertwining relations (2.25)-(2.26). In
the next subsection, we use such relations to derive a free field realization of the vertex operators.
Let us first define an extension of the Uq modules by
F̂ =
⊕
µ1,···,µN∈Z
F ⊗ eµ1Qǫ¯1 ···+µNQǫ¯N .
Let ΦW (z, P ) and Ψ
∗
W (z, P ) be the type I and type II intertwining operators of Bq,λ(ŝlN ) (2.23) -
(2.24). We define type I and type II vertex operators Φ̂W (v), Ψ̂
∗
W (v) of Uq,p(ŝlN ) as the following
extensions of the corresponding intertwining operators of Bq,λ(ŝlN ).
Φ̂W (v) = ΦW (q
cz, P ) : F̂ −→ F̂ ′ ⊗Wz, (6.1)
Ψ̂∗W (v) = Ψ
∗
W (z, P ) exp

N∑
j=1
hǫjQǫ¯j
 :Wz ⊗ F̂ −→ F̂ ′. (6.2)
From the relations (5.7) and (2.25)-(2.26), the new operators Φ̂W (v) and Ψ̂
∗
W (v) satisfy the
following “intertwining relations”.
Φ̂
(3)
W (v2)L̂
+(1)
V (v1) = R
+(13)
VW (v1 − v2, P + h)L̂
+(1)
V (v1)Φ̂
(3)
W (v2), (6.3)
L̂
+(1)
V (v1)Ψ̂
∗(2)
W (v2) = Ψ̂
∗(2)
W (v2)L̂
+(1)
V (v1)R
+∗(12)
VW (v1 − v2, P − h
(1) − h(2)). (6.4)
Now we restrict ourselves to the vector representation V and investigate the relations (6.3)-
(6.4) in detail. We denote a basis of V by {vm}
N
m=1. In this representation, the R-matrix
R+V V (v, P ) is given by R
+(v, P ) in (2.15) and the L-operator L̂+V (v) by L̂
+(v) in (5.1).
We define the components of the vertex operators by
Φ̂V
(
u−
1
2
)
=
N∑
m=1
Φm(u)⊗ vm, Ψ̂
∗
V
(
u−
c+ 1
2
)
(vm ⊗ ·) = Ψ
∗
m(u), (6.5)
and the matrix elements of the L-operator L̂+(u) by
L̂+(u)vj =
∑
1≤m≤N
vmL
+(u)mj . (6.6)
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Using these components, the equation (6.3) is read as follows.
Φm (v2)L
+
mj(v1) = ρ
+(v1 − v2 + 1/2)L
+
mj(v1)Φm (v2) , (6.7)
ρ+(v1 − v2 + 1/2)
−1Φm (v2)L
+
lj(v1)
= b(v1 − v2 + 1/2, Pl,m + hl,m)L
+
lj(v1)Φm (v2)
+c(v1 − v2 + 1/2, Pl,m + hl,m)L
+
mj(v1)Φl (v2) , (6.8)
ρ+(v1 − v2 + 1/2)
−1Φl (v2)L
+
mj(v1)
= b¯(v1 − v2 + 1/2)L
+
mj(v1)Φl (v2) + c¯(v1 − v2 + 1/2, Pl,m + hl,m)L
+
lj(v1)Φm (v2) ,
(6.9)
for 1 ≤ l < m ≤ N and 1 ≤ j ≤ N . For the type II, we have the following set of the equations
arising from the equation (6.4)
L+jm(v1)Ψ
∗
m(v2) = ρ
+∗(v1 − v2 + 1)Ψ
∗
m(v2)L
+
jm(v1), (6.10)
ρ+∗(v1 − v2 + 1)
−1L+jl(v1)Ψ
∗
m(v2)
= Ψ∗m(v2)L
+
jl(v1)b
∗(v1 − v2 + 1, Pl,m) + Ψ
∗
l (v2)L
+
jm(v1)c¯
∗(v1 − v2 + 1, Pl,m), (6.11)
ρ+∗(v1 − v2 + 1)
−1L+jm(v1)Ψ
∗
l (v2)
= Ψ∗l (v2)L
+
jm(v1)b¯
∗(v1 − v2 + 1) + Ψ
∗
m(v2)L
+
jl(v1)c
∗(v1 − v2 + 1, Pl,m), (6.12)
for 1 ≤ l < m ≤ N and 1 ≤ j ≤ N .
Let us investigate equations (6.7)-(6.9) in detail. From the component j = m = N of
equation (6.7), we have
ΦN (v2)K
+
N (v1) = ρ
+
(
v1 − v2 +
1
2
)
K+N (v1)ΦN (v2). (6.13)
Setting 1 ≤ j < m = N in (6.7), we have
ΦN (v2)E
+
N,j(v1) = E
+
N,j(v1)ΦN (v2). (6.14)
The following relations turn out to be sufficient conditions for (6.14) to hold.
ΦN (v2)Ej(v1) = Ej(v1)ΦN (v2) (1 ≤ j ≤ N − 1). (6.15)
Next let us consider the component l < m = j = N of equation (6.8). We set
ρ+(v) = −
[v + 1]
ϕ(v)
, (6.16)
ϕ(v) = (qrz)
N+1
rN [v − 1]
{pz}{pq2N z}{q2N+2/z}{q−2/z}
{pq2N+2z}{pq−2z}{1/z}{q2N /z}
. (6.17)
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Then (6.8) with m = j = N can be written as
ϕ(v1 − v2 + 1/2) ΦN (v2)F
+
l,N (v1)K
+
N (v1)
=
[Pl,N + hl,N − 1][Pl,N + hl,N + 1][v1 − v2 + 1/2]
[Pl,N + hl,N ]2
F+l,N (v1)K
+
N (v1)Φm (v2)
+
[Pl,N + hl,N + v1 − v2 + 1/2][1]
[Pl,N + hl,N ]
K+N (v1)Φl (v2) . (6.18)
In order to solve (6.18), let us assume that the operator product K+N (v1)ΦN (v2) does not have
a pole at v1 − v2 + 3/2 + r = 0. Later we will check that, for c = 1, this assumption is satisfied
in a free field realization. Then from relations (6.13) and (6.16), we conclude that the product
ΦN (v2)K
+
N (v1) in the LHS of (6.18) has zero at v1 − v2 + 3/2 + r = 0. Therefore, setting
v1 − v2 + 3/2 + r = 0 in (6.18), we have
Φl(v2) = K
+
N (v1)
−1 [Pj,N + hj,N + 1]
[Pj,N + hj,N ]
F+l,N (v1)K
+
N (v1)ΦN (v2)
= F+l,N (v2 − 1/2 − r)ΦN (v2) (1 ≤ l ≤ N − 1). (6.19)
Note that the shift of v by r in F+l,N (v) yields a change of contour (see (6.42)). Substituting
(6.13) and (6.19) into (6.8) for l < m = j = N , and using Riemann’s theta identity, we find that
(6.19) and the following relations are sufficient conditions for (6.8) with l < m = j = N .
FN−1(v1)ΦN (v2) =
[v1 − v2 +
1
2 ]
[v1 − v2 −
1
2 ]
ΦN (v2)FN−1(v1), (6.20)
Fl(v1)ΦN (v2) = ΦN(v2)Fl(v1) (1 ≤ l ≤ N − 2), (6.21)
[ΦN (v), Pj,k + hj,k] = −δk,NΦN (v) (j < k). (6.22)
In the next section, we construct a free field realization of the type I vertex operators using
relations (6.13), (6.15) and (6.19)-(6.22) for c = 1. We then check that the resulting vertex
operators satisfy the remaining relations in (6.8) and (6.9).
Similarly, from the j = m = N component of (6.10), we have for the type-II vertex operator
K+N (v1)Ψ
∗
N (v2) = ρ
+∗ (v1 − v2 + 1)Ψ
∗
N (v2)K
+
N (v1) (6.23)
and from the 1 ≤ j < m = N component of (6.10),
F+j,N (v1)Ψ
∗
N (v2) = Ψ
∗
N (v2)F
+
j,N (v1) (1 ≤ j ≤ N − 1). (6.24)
We find the following as sufficient conditions for (6.24).
Fj(v1)Ψ
∗
N (v2) = Ψ
∗
N (v2)Fj(v1) (1 ≤ j ≤ N − 1). (6.25)
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To solve equation (6.11) with l < j = m = N , we assume that the product Ψ∗N (v2)K
+
N (v1)
has no pole at v1 − v2 + 2 + r
∗ = 0. Then the product K+N (v1)Ψ
∗
N (v2) in the LHS has a zero
at v1 − v2 + 2 + r
∗ = 0 for the same reason as the type I case. Therefore, from (6.11) with
l < j = m = N and setting v1 − v2 + 2 + r
∗ = 0, we have
Ψ∗l (v) = Ψ
∗
N (v)E
+
N,l
(
v −
c+ 1
2
− r∗
)
(1 ≤ l ≤ N − 1). (6.26)
Then (6.26) and the following relations turns out to be the sufficient conditions for (6.11) and
(6.12).
EN−1(v1)Ψ
∗
N (v2) =
[v1 − v2 −
1
2 ]
∗
[v1 − v2 +
1
2 ]
∗
Ψ∗N (v2)EN−1(v1), (6.27)
Ej(v1)Ψ
∗
N (v2) = Ψ
∗
N (v2)Ej(v1) (1 ≤ j ≤ N − 2), (6.28)
[Ψ∗N (v), Pj,k] = δk,NΨ
∗
N (v) (j < k). (6.29)
6.2 Free field realizations
Now we construct a free field realization of the vertex operators fixing the representation level
c = 1. For this purpose, we first consider the simple root operator αj introduced in Section
3.4.1. We make the following standard central extension.
[αj , αk] = iπAjk. (6.30)
Setting αˆj = αj + α¯j where α¯j is an element of the Heisenberg algebra C{Hˆ}, we have
[αˆj , αˆk] = iπAjk +
1
r
(δj,k+1 − δj,k−1) log q, (6.31)
[hǫ¯j , αˆk] = −δj,k + δj,k+1, (6.32)
[Qǫ¯j , αˆk] = −
1
r
(δj,k + δj,k+1) log q, (6.33)
[Qαj , αˆk] =
1
r
(δj,k+1 − δj,k−1) log q, (6.34)
[αˆj , Pǫ¯k ] = 0. (6.35)
Then the following statement holds.
Proposition 6.1 The currents Ej(v) and Fj(v) given by
Ej(v) = : exp
−∑
m6=0
[rm]q
m[r∗m]q
(−Bjm +B
j+1
m )(q
N−jz)−m
 : eαˆjzhje−Qαj (q−j+Nz)−Pαj−1r∗ ,
(6.36)
Fj(v) = : exp
∑
m6=0
1
m
(−Bjm +B
j+1
m )(q
N−jz)−m
 : e−αˆjz−hj(q−j+Nz)Pαj−1r +hjr , (6.37)
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together with H±j (v),Kj(v) given in (3.80)-(3.81) satisfy the commutation relations in Proposi-
tion 3.7 for level c = 1. Hence they give a free field realization of the level one elliptic algebra
Uq,p(ŝlN ).
Now substituting the free field realization of Ej(v), Fj(v), Kj(v) into (4.7)- (4.9), we obtain a
realization of the half currents E+j (v), F
+
j (v), K
+
j (v) as well as the L-operator L̂
+(v) satisfying
the RLL-relation (5.2) for c = 1. Using such a L-operator in the “intertwining relations”, (6.13)-
(6.22) for type I and (6.23)-(6.29) for the type II, one can solve them for the vertex operators.
The results are stated as follows.
Theorem 6.2 The highest components of the type I and the type II vertex operators ΦN (v),
Ψ∗N (v) are realized in terms of a free field by
ΦN (v) = : exp
−∑
m6=0
1
m
BNmz
−m
 : eΛ¯N−1z(1− 1r )hǫ¯N z− 1rPǫ¯N z(1− 1r )N−12N , (6.38)
Ψ∗N (v) = : exp
∑
m6=0
[rm]q
m[r∗m]q
BNmz
−m
 : e−Λ¯N−1z−hǫ¯N eQǫ¯N z 1r∗Pǫ¯N z(1+ 1r∗ )N−12N q( 1r− 12 )N−1N ,
where (6.39)
Λ¯N−1 =
1
N
(αˆ1 + 2αˆ2 + · · ·+ (N − 1)αˆN−1). (6.40)
For the other components of the type I vertex operator Φj(v) (j = 1, · · · , N), we obtain from
(6.19)
Φj(v) = aj,N
∮
C
N−1∏
m=j
dzm
2πizm
ΦN(v)FN−1(vN−1) · · ·Fj(vj)
×
N−1∏
m=j
[vm+1 − vm + Pj,m+1 + hj,m+1 −
1
2 ][1]
[vm+1 − vm +
1
2 ][Pj,m+1 + hj,m+1]
= aj,N
∮
C
N−1∏
m=j
dzm
2πizm
Fj(vj) · · ·FN−1(vN−1)ΦN (v)
×
N−1∏
m=j
[vm+1 − vm + Pj,m+1 + hj,m+1 −
1
2 ][1]
[vm+1 − vm −
1
2 ][Pj,m+1 + hj,m+1]
, (6.41)
where v = vN and the integration contour C is specified by the condition
|q−1z| < |zN−1| < |p
−1q−1z|, (6.42)
|pqzm+1| < |zm| < |qzm+1| (j ≤ m ≤ N − 2).
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For the type II vertex Ψ∗j(v) (j = 1, · · · , N), we obtain from (6.26)
Ψ∗j(v) = a
∗
j,N
∮
C∗
N−1∏
m=j
dzm
2πizm
Ej(vj) · · ·EN−1(vN−1)Ψ
∗
N (vN )
×
N−1∏
m=j
[vm+1 − vm − Pj,m+1 +
1
2 ]
∗[1]∗
[vm+1 − vm +
1
2 ]
∗[Pj,m+1 − 1]∗
= a∗j,N
∮
C∗
N−1∏
m=j
dzm
2πizm
Ψ∗N (vN )EN−1(vN−1) · · ·Ej(vj)
×
N−1∏
m=j
[vm+1 − vm − Pj,m+1 +
1
2 ]
∗[1]∗
[vm+1 − vm −
1
2 ]
∗[Pj,m+1 − 1]∗
. (6.43)
The integration contour C∗ is specified as follows.
|p∗q−1zm+1|, |q
−1zm+1| < |zm| < |qzm+1|, |p
∗−1qzm+1| (j ≤ m ≤ N − 1). (6.44)
Here the integration variable zm (j ≤ m ≤ N − 1) should encircle the poles p
∗q−1zm+1, q
−1zm+1
but not the poles p∗−1qzm+1, qzm+1.
In addition, we have the following commutation relations.
Proposition 6.3 The highest components ΦN (v) and Ψ
∗
N (v) satisfy
[ΦN (v), Pj1,j2 ] = [Ψ
∗
N (v), Pj1,j2 + hj1,j2 ] = 0, (6.45)
ΦN (v1)Ψ
∗
N (v2) = χ(v1 − v2)Ψ
∗
N (v2)ΦN (v1), (6.46)
χ(v) =
Θq2N (qz)
Θq2N (q/z)
. (6.47)
Remark The free field realizations of the vertex operators in Theorem 6.2 are essentially the
same as those of the A
(1)
N−1-type face model obtained in [14, 15]. There are two differences
between ours and those in [14, 15]; the choice of the gauge expressing the R-matrices and the
zero-mode operators. Due to our gauge, we have the extra factors
∏N−1
m=j
[1]
[Pj,m+1+hj,m+1]
and∏N−1
m=j
[1]∗
[Pj,m+1−1]∗
in the type I and the type II vertex operators, respectively. As for the zero-
modes, the correspondence between ours Pǫ¯j , Qǫ¯j , hj , αˆj and those in [14, 15], Pαj , PωN , Qαj , QωN
is given by
√
r∗
r
Pαj√
r∗
r
PωN√
r
r∗
Pαj√
r
r∗
PωN
↔

r∗
r
hj −
1
r
Pαj
r∗
r
hǫ¯N −
1
r
Pǫ¯N
hj −
1
r∗
Pαj
hǫ¯N −
1
r∗
Pǫ¯N
 ,

i
√
r∗
r
Qαj
i
√
r∗
r
QωN
i
√
r
r∗
Qαj
i
√
r
r∗
QωN
↔

αˆj
Λ¯N−1
αˆj −Qαj
Λ¯N−1 −Qǫ¯N
 . (6.48)
One should note that to define the currents Kj(v) by factoring the operators H
±
j (v), the use of
two sets of the Heisenberg operators {Pǫ¯j , Qǫ¯j} and {hj , αˆj} are essential.
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6.3 Commutation relations
We next investigate commutation relations of the vertex operators and show that our realization
satisfies the full intertwining relations for c = 1.
Theorem 6.4 The free field realizations of the type-I vertex operator Φµ(v) (6.41) and the
type-II vertex operator Ψ∗µ(v) (6.43) satisfy the following commutation relations.
Φj2(v2)Φj1(v1) =
N∑
j′
1
,j′
2
=1
R
j′
1
j′
2
j1j2
(v1 − v2, P + h) Φj′
1
(v1)Φj′
2
(v2), (6.49)
Ψ∗j1(v1)Ψ
∗
j2
(v2) =
N∑
j′
1
,j′
2
=1
Ψ∗j′
2
(v2)Ψ
∗
j′
1
(v1) R
∗j1j2
j′
1
j′
2
(v1 − v2, P ), (6.50)
Φj(v1)Ψ
∗
k(v2) = χ(v1 − v2) Ψ
∗
k(v2)Φj(v1). (6.51)
Here we set
R(v, P + h) = µ(v)R¯(v, P + h), R∗(v, P ) = µ∗(v)R¯∗(v, P ), (6.52)
with
µ(v) = z(
1
r
−1)N−1
N
{pq2N−2z}{q2z}{p/z}{q2N /z}
{pz}{q2N z}{pq2N−2/z}{q2/z}
, (6.53)
(6.54)
and µ∗(v) = µ(v)|r→r∗.
Proof. Using the formulae (6.19)-(6.22) and (6.26)-(6.29), the commutation relations (6.49)
and (6.50) are reduced to the relations among the half currents (B.1), (B.2), (4.19) and (4.20).
Then the proofs of the latter relations are given in Appendix B.
Let us consider the relation (6.51). The case j = N or k = N is a direct consequence of
(6.14), (6.24) and (6.46). The simplest non-trivial case is j = k = N − 1. From (6.19), (6.26)
and (3.84), we have the following equation after integrating the delta functions.
ΦN−1(v1)Ψ
∗
N−1(v2)− χ (v1 − v2)Ψ
∗
N−1(v2)ΦN−1(v1)
= −
aN−1,Na
∗
N−1,N
q − q−1
ΦN (v1)Ψ
∗
N (v2)
×
(∮
C+
dz′
2πiz′
H+N−1
(
v′ +
1
4
)
[v2 − v
′ − PN−1,N ]
∗[1]∗[v1 − v
′ + PN−1,N + hN−1,N −
1
2 ][1]
[v2 − v′ − 1]∗[PN−1,N − 1]∗[v1 − v′ +
1
2 ][PN−1,N + hN−1,N ]
−
∮
C−
dz′
2πiz′
H−N−1
(
v′ −
1
4
)
[v2 − v
′ − PN−1,N + 1]
∗[1]∗[v1 − v
′ + PN−1,N + hN−1,N −
1
2 ][1]
[v2 − v′]∗[PN−1,N − 1]∗[v1 − v′ +
1
2 ][PN−1,N + hN−1,N ]
)
.
(6.55)
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The contours are specified by
C+ : |qz1|, |q
−2z2| < |z
′| < |p−1qz1|, |p
∗−1q−2z2|, |p
−1q−1z1|, |p
∗−1z2|, (6.56)
C− : |qz1|, |z2| < |z
′| < |p−1qz1|, |p
∗−1z2|, |q
−1z1|, |q
2z2|. (6.57)
Here the conditions |z′| < |p−1q−1z1|, |p
∗−1z2| for C+ and |z
′| < |q−1z1|, |q
2z2| for C− are
added because of the convergence of the operator product ΦN (v1)Ψ
∗
N (v2)H
+
N−1(v
′ + 1/4) and
ΦN (v1)Ψ
∗
N (v2)H
−
N−1(v
′ − 1/4), respectively. Changing the integration variable z′ → pz′ in the
second term and using the periodicity of [v], [v]∗ and the relationH−N−1(v
′+r− 14) = H
+
N−1(v
′+ 14),
we see that the integrand in the second term coincides with the one in the first term but the
contour in the second term is changed to
C˜− : |p
−1qz1|, |p
∗−1q−2z2| < |z
′| < |p−2qz1|, |p
∗−2q−2z2|, |p
−1q−1z1|, |p
∗−1z2|.
Here C˜− encircles the same poles as C+. In addition, C˜− would encircle two extra poles at
z′ = p−1qz1, p
∗−1q−2z2, if the operator product ΦN (v1)Ψ
∗
N (v2)H
+
N−1(v
′+ 14) had no zeros which
cancel these extra poles. In fact, the operator product does have zeros at the required points.
Therefore the RHS of (6.55) vanishes. The proof for the general 1 ≤ j1, j2 ≤ N − 1 case is
similar.
Q.E.D.
Now let us investigate the intertwining relation for level c = 1. For this purpose, we remind
the reader of the fact that in the trigonometric case, i.e. Uq(ŝlN ), the L-operator can be con-
structed as a composition of type I and II vertex operators [17, 18]. The following theorem is
an elliptic analogue of such a construction.
Theorem 6.5 For c = 1, the L-operator L̂+(v) is given by a product of the type-I and type-II
vertex operators.
L̂+jk(v) =
1
gN
Ψ∗k(v + r)Φj
(
v + r +
1
2
)
(1 ≤ j, k ≤ N). (6.58)
Here we set
gN =
(q2; q2N )∞
(q2N ; q2N )∞
. (6.59)
Proof. For the special component j = k = N of (6.58), we have
K+N (v) = g
−1
N Ψ
∗
N (v + r)ΦN
(
v + r +
1
2
)
. (6.60)
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This is a direct consequence of (6.38) and (6.39). Let us consider the j < k = N component of
(6.58). After a few calculations using (6.24) and (6.60), we can reduce this to relation (6.19).
Similarly, the N = j > k component of (6.58) is reduced to relation (6.26).
Next, let us study the simplest non-trivial component j = k = N − 1. From (6.19), (6.24)-
(6.28), (3.89)-(3.90) and (3.84), we have the following equation after integrating the delta func-
tions.
g−1N Ψ
∗
N−1(v + r)ΦN−1(v + r + 1/2) − F
+
N−1,N (v)K
+
N (v)E
+
N,N−1(v)
=
aN−1,Na
∗
N−1,N
q − q−1
×
(∮
C+
dz′
2πiz′
H+N−1
(
v′ +
1
4
)
K+N (v)
[v − v′ − PN−1,N + 1]
∗[1]∗[v − v′ + PN−1,N + hN−1,N ][1]
[v − v′ + 1]∗[PN−1,N − 1]∗[v − v′][PN−1,N + hN−1,N ]
−
∮
C−
dz′
2πiz′
H−N−1
(
v′ −
1
4
)
K+N (v)
[v − v′ − PN−1,N + 2]
∗[1]∗[v − v′ + PN−1,N + hN−1,N ][1]
[v − v′ + 2]∗[PN−1,N − 1]∗[v − v′][PN−1,N + hN−1,N ]
)
.
(6.61)
Here the contours are
C+ : |pz|, |p
∗z| < |z′| < |z|, (6.62)
C− : |pz| < |z
′| < |z|, |q2z|. (6.63)
Changing the integration variable z′ → pz′ in the second term and using the periodicity of
[v], [v]∗ and the relation H−N−1(v
′+ r− 1/4) = H+N−1(v
′ +1/4), we see that the integrand in the
second term coincides with the first term, but the contour in the second term is changed to
C˜− : |z| < |z
′| < |p−1z|, |p∗−1z|. (6.64)
The contour C˜− encircles the same poles as C+ together with one additional pole at z
′ = z.
Hence the RHS of (6.61) becomes the residue at z′ = z. We thus obtain
g−1N Ψ
∗
N−1(v + r)ΦN−1(v + r + 1/2) = F
+
N−1,N (v)K
+
N (v)E
+
N,N−1(v) +K
+
N−1(v). (6.65)
The RHS coincides with the (N − 1, N − 1) component of L̂+(v). The proof of the general case
1 ≤ j, k ≤ N − 1 is similar.
Q.E.D.
Corollary 6.6 For c = 1, the L-operator L̂+(v) satisfies the RLL = LLR∗ relation (5.2).
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Proof. Let us substitute the expression (6.58) into the LHS of (5.2). Then using the commu-
tation relations of the vertex operators (6.49)-(6.51) and the formula
ρ+(v)
ρ+∗(v)
=
ρ˜+(v)
ρ˜+∗(v)
χ(12 − v)
χ(12 + v)
, (6.66)
one gets the desired result.
Q.E.D.
In the same way, we have
Corollary 6.7 For c = 1, the type-I and the type II vertex operators Φ̂V (v), Ψ̂
∗
V (v) satisfy
the full intertwining relations (6.3) and (6.4) with V =W ∼= CN .
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A Operator Product Expansions
Here we list formulae of operator product expansions (OPE) used in Section 3.3 and 6.2. For
operators A(z), B(z), we write
A(z1)B(z2) = 〈A(z1)B(z2)〉 : A(z1)B(z2) : .
(I) In Section 3.3, we used the OPE’s of the currents ψ±j (z, p) (3.24)-(3.25) and kj(z, p) (3.43)
for generic c:
〈kj(z1, p)kj(z2, p)〉 =
{pq2z2/z1}{pq
2N−2z2/z1}{p
∗q2Nz2/z1}
∗{p∗z2/z1}
∗
{pq2Nz2/z1}{pz2/z1}{p∗q2z2/z1}∗{p∗q2N−2z2/z1}∗
, (A.1)
〈kj1(z1, p)kj2(z2, p)〉 =
{pq2N+2z2/z1}{pq
2N−2z2/z1}{p
∗q2Nz2/z1}
∗2
{pq2Nz2/z1}2{p∗q2N+2z2/z1}∗{p∗q2N−2z2/z1}∗
(j1 < j2),
(A.2)
〈kj2(z1, p)kj1(z2, p)〉 =
{pq2z2/z1}{pq
−2z2/z1}{p
∗z2/z1}
∗2
{pz2/z1}2{p∗q2z2/z1}∗{p∗q−2z2/z1}∗
(j1 < j2). (A.3)
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〈ψ+j (z1, p)ψ
+
j (z2, p)〉 =
(pq2z2/z1; p)∞(p
∗q−2z2/z1; p
∗)∞
(pq−2z2/z1; p)∞(p∗q2z2/z1; p∗)∞
, (A.4)
〈ψ+j (z1, p)ψ
+
j+1(z2, p)〉 =
(pq−1z2/z1; p)∞(p
∗qz2/z1; p
∗)∞
(pqz2/z1; p)∞(p∗q−1z2/z1; p∗)∞
, (A.5)
〈ψ+j+1(z1, p)ψ
+
j (z2, p)〉 =
(pq−1z2/z1; p)∞(p
∗qz2/z1; p
∗)∞
(pqz2/z1; p)∞(p∗q−1z2/z1; p∗)∞
. (A.6)
(II) In Section 6.2, we used the OPE’s of the currents ΦN (v), Ψ
∗
N (v), Ej(v), Fj(v), K
+
j (v) for
c = 1. We here list their boson part only. Namely, let us define the boson part of them by
φN (v) =: exp
−∑
m6=0
1
m
BNmz
−m
 :, (A.7)
ψ∗N (v) =: exp
∑
m6=0
[rm]q
m[r∗m]q
BNmz
−m
 :, (A.8)
ej(v) =: exp
−∑
m6=0
[rm]q
m[r∗m]q
(−Bjm +B
j+1
m )(q
N−jz)−m
 :, (A.9)
fj(v) =: exp
∑
m6=0
1
m
(−Bjm +B
j+1
m )(q
N−jz)−m
 : . (A.10)
Then the OPE’s of them are given by
〈K+j (v1)fj(v2)〉 =
(qN−j+1z2/z1; p)∞
(qN−j−1z2/z1; p)∞
, (A.11)
〈K+j+1(v1)fj(v2)〉 =
(qN−j−3z2/z1; p)∞
(qN−j−1z2/z1; p)∞
, (A.12)
〈fj(v1)K
+
j (v2)〉 =
(q−N+j−1z2/z1; p)∞
(q−N+j−3z2/z1; p)∞
, (A.13)
〈fj(v1)K
+
j+1(v2)〉 =
(q−N+j−1z2/z1; p)∞
(q−N+j+1z2/z1; p)∞
, (A.14)
〈K+j (v1)ej(v2)〉 =
(qN−j−2z2/z1; p
∗)∞
(qN−jz2/z1; p∗)∞
, (A.15)
〈K+j+1(v1)ej(v2)〉 =
(qN−j−2z2/z1; p
∗)∞
(qN−j−4z2/z1; p∗)∞
, (A.16)
〈ej(v1)K
+
j (v2)〉 =
(q−N+j−4z2/z1; p
∗)∞
(q−N+j−2z2/z1; p∗)∞
, (A.17)
〈ej(v1)K
+
j+1(v2)〉 =
(q−N+jz2/z1; p
∗)∞
(q−N+j−2z2/z1; p∗)∞
, (A.18)
〈φN (v1)K
+
N (v2)〉 =
{pq3z2/z1}{pq
2N−1z2/z1}
{pqz2/z1}{pq2N+1z2/z1}
, (A.19)
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〈K+N (v2)φN (v1)〉 =
{qz1/z2}{q
2N−3z1/z2}
{q−1z1/z2}{q2N−1z1/z2}
, (A.20)
〈φN (v1)K
+
j (v2)〉 =
{pq3z2/z1}{pq
−1z2/z1}
{pqz2/z1}2
, (A.21)
〈K+j (v2)φN (v1)〉 =
{q2N+1z1/z2}{q
2N−3z1/z2}
{q2N−1z1/z2}2
, (A.22)
〈ψ∗N (v1)K
+
N (v2)〉 =
{p∗q2z2/z1}
∗{p∗q2N+2z2/z1}
∗
{p∗q4z2/z1}∗{p∗q2Nz2/z1}∗
, (A.23)
〈K+N (v2)ψ
∗
N (v1)〉 =
{q−2z1/z2}
∗{q2N−2z1/z2}
∗
{z1/z2}∗{q2N−4z1/z2}∗
, (A.24)
〈ψ∗N (v1)K
+
j (v2)〉 =
{p∗q2z2/z1}
∗2
{p∗q4z2/z1}∗{p∗z2/z1}∗
, (A.25)
〈K+j (v2)ψ
∗
N (v1)〉 =
{q2N−2z1/z2}
∗2
{q2Nz1/z2}∗{q2N−4z1/z2}∗
, (A.26)
〈fN−1(v1)φN (v2)〉 =
(pq−1z2/z1; p)∞
(qz2/z1; p)∞
, (A.27)
〈φN (v1)fN−1(v2)〉 =
(pq−1z2/z1; p)∞
(qz2/z1; p)∞
, (A.28)
〈eN−1(v1)ψ
∗
N (v2)〉 =
(p∗qz2/z1; p
∗)∞
(q−1z2/z1; p∗)∞
, (A.29)
〈ψ∗N (v1)eN−1(v2)〉 =
(p∗qz2/z1; p
∗)∞
(q−1z2/z1; p∗)∞
, (A.30)
〈φN (v1)φN (v2)〉 =
{pq2N−2z2/z1}{q
2z2/z1}
{q2Nz2/z1}{pz2/z1}
, (A.31)
〈ψ∗N (v2)ψ
∗
N (v1)〉 =
{p∗q2Nz2/z1}
∗{z2/z1}
∗
{p∗q2z2/z1}∗{q2N−2z2/z1}∗
, (A.32)
〈φN (v1)ψ
∗
N (v2)〉 =
(q2N−1z2/z1; q
2N )∞
(qz2/z1; q2N )∞
, (A.33)
〈ψ∗N (v1)φN (v2)〉 =
(q2N−1z2/z1; q
2N )∞
(qz2/z1; q2N )∞
, (A.34)
〈ej(v1)ej(v2)〉 =
(z2/z1; p
∗)∞(q
−2z2/z1; p
∗)∞
(p∗q2z2/z1; p∗)∞(p∗z2/z1; p∗)∞
, (A.35)
〈ej(v1)ej+1(v2)〉 =
(p∗qz2/z1; p
∗)∞
(q−1z2/z1; p∗)∞
, (A.36)
〈ej+1(v1)ej(v2)〉 =
(p∗qz2/z1; p
∗)∞
(q−1z2/z1; p∗)∞
, (A.37)
〈fj(v1)fj(v2)〉 =
(z2/z1; p)∞(q
2z2/z1; p)∞
(pz2/z1; p)∞(pq−2z2/z1; p)∞
, (A.38)
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〈fj(v1)fj+1(v2)〉 =
(pq−1z2/z1; p)∞
(qz2/z1; p)∞
, (A.39)
〈fj+1(v1)fj(v2)〉 =
(pq−1z2/z1; p)∞
(qz2/z1; p)∞
. (A.40)
B Proof of the Relations (4.17)-(4.18) and (4.19)-(4.20)
Let us consider the relations
K+l (v2)
−1E+l,j(v1)K
+
l (v2)E
+
l,j(v2) = K
+
l (v1)
−1E+l,j(v2)K
+
l (v1)E
+
l,j(v1), (B.1)
F+j,l(v1)K
+
l (v1)F
+
j,l(v2)K
+
l (v1)
−1 = F+j,l(v2)K
+
l (v2)F
+
j,l(v1)K
+
l (v2)
−1, (B.2)
for 1 ≤ j < l ≤ N . Then the relations (4.17) and (4.18) follow from these relations and (4.15),
(4.16). In this Appendix, we give proofs of the relations (B.2) and (4.20). The proof of the other
cases (B.1) and (4.19) are similar.
Let us set
f(v,w) =
[v + 12 − w]
[v − 12 ]
, (B.3)
h(v) =
[v − 1]
[v + 1]
. (B.4)
Recall that the half current F+j,l(v) is given by
F+j,l(v) = aj,l
∮
C(j,l)
l−1∏
m=j
dzk
2πizk
Fl−1(vl−1)Fl−2(vl−2) · · ·Fj(vj)
×
l−1∏
m=j
f(vm − vm+1, πm+1,j)
[1]
[πm+1,j − δm,l−1]
, (B.5)
where we set vl = v +
l−N−1
2 . Recall also zm = q
2vm and πl,j = Pj,l + hj,l. We call Fl−1(vl−1)
Fl−2(vl−2) · · ·Fj(vj) the operator part, and
∏l−1
m=j f(vm − vm+1, πm+1,j)
[1]
[πm+1,j−δm,l−1]
the coef-
ficient part. We keep coefficient parts in the right of operator parts. In the coefficient part, We
represent
∏l−1
m=j f(vm − vm+1, πm+1,j) by the diagram
vj vj+1 · · · vl−1 vl.✲
πj+1,j
✲
πj+2,j
✲
πl−1,j
✲
πl,j
According to the relation (3.83) with i = j, we have the equality
∮
dzj
2πizj
dz′j
2πiz′j
Fj(vj)Fj(v
′
j)A(vj , v
′
j) =
∮
dzj
2πizj
dz′j
2πiz′j
Fj(vj)Fj(v
′
j)h(v
′
j − vj)A(v
′
j , vj),
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when the integration contours for zj and z
′
j are the same. We define ‘weak equality’ in the
following sense[14]. The two coefficient functions A(vj , v
′
j) and B(vj , v
′
j) coupled to Fj(vj)Fj(v
′
j)
in integrals are equal in weak sense if
A(vj , v
′
j) + h(v
′
j − vj)A(v
′
j , vj) = B(vj , v
′
j) + h(v
′
j − vj)B(v
′
j , vj).
We write the weak equality as
A(vj , v
′
j) ∼ B(vj, v
′
j).
To prove the equality (B.2) and (4.20), it is enough to show the equalities of coefficient parts
in weak sense.
Let us recall the following two lemmas[14].
Lemma B.1 The coefficient function
vj vj+1 · · · vl−2 vl−1
v′j v
′
j+1 · · · v
′
l−2 v
′
l−1
✲
πj+1,j−1
❍
❍
❍
❍❍❥
0
✲
πj+2,j−1
❍
❍
❍❍❥
0
✲
πl−2,j−1
❍
❍
❍❥
0
✲
πl−1,j−1
❍
❍
❍❥
0
✲
πj+1,j
✲
πj+2,j
✲
πl−2,µ
✲
πl−1,µ
(B.6)
is invariant in weak sense when vl−1 and v
′
l−1 are exchanged.
Lemma B.2
v′k−1 vk vk+1 · · · vl−2 vl−1
v′k v
′
k+1 · · · v
′
l−2 v
′
l−1
✲
πk,j+1
◗
◗
◗s0
✲
πk+1,j
◗
◗
◗◗s0
✲
πk+2,j
◗
◗
◗
◗s0
✲
πl−2,j
◗
◗
◗◗s0
✲
πl−1,j
◗
◗
◗s0
✲
πk+1,k
✲
πk+2,k
✲
πl−2,k
✲
πl−1,k
∼
1
β(vl−1 − v
′
l−1, πk,j)
×
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2
vl−1
vk vk+1 · · · vl−2 v
′
l−1
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✑✸
0
−
γ(vl−1 − v
′
l−1, πk,j)
β(vl−1 − v
′
l−1, πk,j)
×
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2 v
′
l−1
vk vk+1 · · · vl−2 vl−1.
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
(B.7)
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where
β(v,w) =
[v][w − 1]
[v + 1][w]
, γ(v,w) =
[v + w][1]
[v + 1][w]
.
Now let us show the relation (B.2). By using (3.91)-(3.93), (3.83), (4.3) and (4.5) in the LHS
of (B.2), the operator part can be arranged to Fl−1(vl−1)Fl−1(v
′
l−1)Fl−2(vl−2)Fl−2(v
′
l−2) · · ·Fj(vj)Fj(v
′
j).
Then the coefficient part is given by the product of the factors
∏l−1
m=j
[1]2
[πm+1,j−1−2δk,l−1][πm+1,j−2δk,l−1]
and the one represented by the diagram
vj vj+1 · · · vl−2 vl−1 vl
v′j v
′
j+1 · · · v
′
l−2 v
′
l−1 v
′
l.
✲
πj+1,j−1
❍
❍
❍
❍❍❥
0
✲
πj+2,j−1
❍
❍
❍❍❥
0
✲
πl−2,j−1
❍
❍
❍❥
0
✲
πl−1,j−1
❍
❍
❍❥
0
✲
πl,j−2
✲
πj+1,j
✲
πj+2,j
✲
πl−2,µ
✲
πl−1,µ
✲
πl,µ−1
✟
✟
✟✯2
(B.8)
The relation (B.2) denotes that (B.8) is invariant, at least in weak sense, when vl and v
′
l are
exchanged. Applying the Lemma B.1 to the corresponding part of (B.8), it is enough to show
the weak equality for the rest part
f(vl−1 − vl, πl,j − 2)f(v
′
l−1 − v
′
l, πl,j − 1)f(v
′
l−1 − vl, 2)
∼ f(vl−1 − v
′
l, πl,j − 2)f(v
′
l−1 − vl, πl,j − 1)f(v
′
l−1 − v
′
l, 2). (B.9)
Let us set v = vl−1, v
′ = vl−1, w = πl,j and denote the LHS and the RHS by A(v, v
′) and B(v, v′),
respectively. Then from the theta function identity such as (4.24), we have
A(v, v′)−B(v, v′) =
[v − v′ + 1][v + v′ − vl − v
′
l − w][vl − v
′
l][w − 2]
[v − vl −
1
2 ][v
′ − v′l −
1
2 ][v − v
′
l −
1
2 ][v
′ − vl −
1
2 ]
.
Then it is easy to show
h(v′ − v)(A(v′, v)−B(v′, v)) = −(A(v, v′)−B(v, v′)).
Therefore we get the weak equality (B.9).
Next we prove (4.20) (j < k < l). The equality follows from the weak equality (A)+(B)+(C)∼0,
where
(A) =
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2 v
′
l−1 v
′
l
vk vk+1 · · · vl−2 vl−1 vl,
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πl,j−1
◗
◗
◗◗s2
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
✲
πl,k−1
(B) = −b(v′l − vl, πk,j)
[πk,j]
[πk,j + 1]
×
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v′k−1 vk vk+1 · · · vl−2 vl−1 v
′
l
v′k v
′
k+1 · · · v
′
l−2 v
′
l−1
vl,
✲
πk,j+1
◗
◗
◗s0
✲
πk+1,j
◗
◗
◗◗s0
✲
πk+2,j
◗
◗
◗
◗s0
✲
πl−2,j
◗
◗
◗◗s0
✲
πl−1,j
◗
◗
◗s0
✲
πl,j−1
✲
πk+1,k
✲
πk+2,k
✲
πl−2,k
✲
πl−1,k
✲
πl,k−1
✑
✑
✑✑✸
2
(C) = −c(v′l − vl, πk,j)×
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2 v
′
l−1
vl
vk vk+1 · · · vl−2 vl−1 v
′
l.
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πl,j−1
◗
◗
◗◗s2
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
✲
πl,k−1
(B.10)
Using the weak equality in Lemma B.2, we modify (B) to (A′) + (C ′) where
(A′) = −
b(v′l − vl, πk,j)
β(vl−1 − v
′
l−1, πk,j)
[πk,j]
[πk,j + 1]
×
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2
vl−1 v′l
vk vk+1 · · · vl−2 v
′
l−1
vl,
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πl,j−1
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✑✸
0
✲
πl,k−1
✑
✑
✑✑✸
2
(C ′) =
b(v′l − vl, πk,j)γ(vl−1 − v
′
l−1, πk,j)
β(vl−1 − v
′
l−1, πk,j)
[πk,j]
[πk,j + 1]
×
v′k−1 v
′
k v
′
k+1 · · · v
′
l−2 v
′
l−1
vl
vk vk+1 · · · vl−2 vl−1 v
′
l.
✲
πk,j
✲
πk+1,j
✲
πk+2,j
✲
πl−2,j
✲
πl−1,j
✲
πl,k−1
◗
◗
◗◗s2
✲
πk+1,k
✑
✑
✑✸
0
✲
πk+2,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
✲
πl,j−1
Noting that h(vl−1 − v
′
l−1)β(v
′
l−1 − vl−1, w) = β(vl−1 − v
′
l−1, w), we can exchange vl−1 and v
′
l−1
in (A′). Let (A′′) be the term we thus obtain. Note that (A′) ∼ (A′′). Using the equality
f(v′l−1 − vl, 2) −
b(v′l − vl, w)
β(vl−1 − v
′
l−1, w)
[w]
[w + 1]
f(vl−1 − v
′
l, 2)
=
[1][vl − v
′
l + vl−1 − v
′
l−1][vl − vl−1 +
1
2 ][v
′
l − v
′
l−1 +
3
2 ]
[vl−1 − v
′
l−1][v
′
l − vl + 1][v
′
l−1 − vl −
1
2 ][vl−1 − v
′
l −
1
2 ]
we have
(A) + (A′′) =
[1][vl − v
′
l + vl−1 − v
′
l−1][vl − vl−1 +
1
2 ][v
′
l − v
′
l−1 +
3
2 ]
[vl−1 − v
′
l−1][v
′
l − vl + 1][v
′
l−1 − vl −
1
2 ][vl−1 − v
′
l −
1
2 ]
×
v′k−1 v
′
k · · · v
′
l−2 v
′
l−1 v
′
l
vk · · · vl−2 vl−1 vl.
✲
πk,j
✲
πk+1,j
✲
πl−2,j
✲
πl−1,j
✲
πl,j−1
✲
πk+1,k
✑
✑
✑✑✸
0
✲
πl−2,k
✑
✑
✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
✲
πl,k−1
(B.11)
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On the other hand, to calculate (C) + (C ′), we use the equality
c(vl−1 − v
′
l−1, w1)b(v
′
l − vl, w1)
β(vl−1 − v
′
l−1, w1)
[w1]
[w1 + 1]
f(v′l−1 − vl, w2 − 1)f(vl−1 − v
′
l, w1 + w2 − 1)
−c(v′l − vl, w1)f(vl−1 − v
′
l, w2 − 1)f(v
′
l−1 − vl, w1 + w2 − 1)
= −
[1][vl − v
′
l + vl−1 − v
′
l−1][vl−1 − vl +
3
2 − w2][v
′
l−1 − v
′
l +
3
2 − w1 − w2]
[vl−1 − v
′
l−1][v
′
l − vl + 1][v
′
l−1 − vl −
1
2 ][vl−1 − v
′
l −
1
2 ]
.
Then we have
(C) + (C ′) = −
[1][vl − v
′
l + vl−1 − v
′
l−1][vl−1 − vl +
3
2 − w2][v
′
l−1 − v
′
l +
3
2 − w1 − w2]
[vl−1 − v
′
l−1][v
′
l − vl + 1][v
′
l−1 − vl −
1
2 ][vl−1 − v
′
l −
1
2 ]
×
v′k−1 v
′
k · · · v
′
l−2 v
′
l−1 v
′
l
vk · · · vl−2 vl−1.
✲
πk,j
✲
πk+1,j
✲
πl−2,j
✲
πl−1,j
✲2
✲
πk+1,k
✑
✑
✑
✑✸
0
✲
πl−2,k
✑
✑
✑✑✸
0
✲
πl−1,k
✑
✑
✑✸
0
(B.12)
Comparing (B.11) and (B.12), we have (A) + (A′′) + (C) + (C ′) = 0.
C RLL = LLR∗ Relation
We here derive some of the relations of the half currents involved in the RLL-relation (5.2), and
compare them with those in Theorem 4.1.
From the definition (5.1), the components of the L-operator L̂+(v) are given by
L̂+ll (v) = K
+
l (v) +
N∑
m=1
F+l,m(v)K
+
m(v)E
+
m,l, (C.1)
L̂+kl(v) =
 F+k,l(v)K+l (v) +
∑N
m=l+1 F
+
k,m(v)K
+
m(v)E
+
m,l (k < l),
K+k (v)E
+
k,l(v) +
∑N
m=k+1 F
+
k,m(v)K
+
m(v)E
+
m,l (k > l).
(C.2)
It is convenient to introduce the reduced R-matrix and L-operators, R+(v, s|j) and L̂+(v|j) (1 ≤
j ≤ N), by
R+(v, s|j) =
(
R+mnkl (v, s)
)
j≤k,l,m,n≤N
, (C.3)
L̂+(v|j) =
(
L̂+kl(v)
)
j≤k,l≤N
. (C.4)
Then the inverse of L+(v|j) is given by
L+(v|j)−1
=

K+−1j −K
+−1
j F
+
j,j+1 K
−1
j xj ∗
−E+j+1,jK
+−1
j E
+
j+1,jK
+−1
j F
+
j,j+1 +K
+−1
j+1 −E
+
j+1,jK
+−1
j xj −K
+−1
j+1 F
+
j+1,j+2 ∗
yjK
−1
j −yjK
+−1
j F
+
j,j+1 − E
+
j+2,j+1K
+−1
j+1 ∗ ∗
∗ ∗ ∗ ∗
 .
(C.5)
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Here we omitted the argument v and set
xj(v) = F
+
j,j+1(v)F
+
j+1,j+2(v)− F
+
j,j+2(v), (C.6)
yj(v) = E
+
j+2,j+1(v)E
+
j+1,j(v)− E
+
j+2,j(v). (C.7)
Due to the speciality of the form of the R-matrix (2.16), we have the reduced relation
R+(1,2)(v, P + h|j)L+(1)(v1|j)L
+(2)(v2|j) = L
+(2)(v2|j)L
+(1)(v1|j)R
∗+(v, P |j). (C.8)
In the below, we use this rather in its inverted form
L+(1)(v1|j)
−1L+(2)(v2|j)
−1R+(1,2)(v, P + h|j) = R∗+(1,2)(v, P |j)L+(2)(v2|j)
−1L+(1)(v1|j)
−1,
(C.9)
L+(2)(v2|j)
−1R+(1,2)(v, P + h|j)L+(1)(v1|j) = L
+(1)(v1|j)R
∗+(1,2)(v, P |j)L+(2)(v2|j)
−1.
(C.10)
C.1 Relations among K+j (v)’s
Now some of the relations amongK+j (v) (1 ≤ j ≤ N) are derived as follows. The (N,N), (N,N)
component of the RLL = LLR∗ relation (5.2) yields
K+N (v1)K
+
N (v2) = ρ(v1 − v2)K
+
N (v2)K
+
N (v1). (C.11)
Similarly, the (j, j), (j, j) component of the L−1j L
−1
j R = R
∗L−1j L
−1
j relation (C.9) (1 ≤ j ≤ N−1)
yields
K+j (v1)K
+
j (v2) = ρ(v1 − v2)K
+
j (v2)K
+
j (v1) (C.12)
and the (N, j), (N, j) component of the L−1j RLj = LjR
∗L−1j relation (C.9) (1 ≤ j ≤ N − 1)
yields
K+j (v1)K
+
N (v2) = ρ(v1 − v2)
[v1 − v2 − 1]
∗[v1 − v2]
[v1 − v2]∗[v1 − v2 − 1]
K+N (v2)K
+
j (v1). (C.13)
These relations coincide with the relations (4.13) and (4.14).
C.2 Relations between K+N(v) and E
+
N,j(v)
The (N,N), (N, j) components of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 1) yields
K+N (v1)
−1E+N,j(v2)K
+
N (v1) = E
+
N,j(v2)
1
b¯∗(v1 − v2)
− E+n,j(v1)
c∗(v1 − v2, Pj,N )
b¯∗(v1 − v2)
. (C.14)
This coincides with the case l = N of (4.15).
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C.3 Relations between K+N(v) and F
+
j,N(v)
The (N, j), (N,N) components of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 1) yields
K+N (v1)F
+
j,N (v2)K
+
N (v1)
−1 =
1
b¯(v1 − v2)
F+j,N (v2)−
c¯(v1 − v2, Pj,N + hj,N)
b¯(v1 − v2)
F+j,N(v1). (C.15)
This coincides with the case l = N of (4.16).
C.4 Relations among E+l,j(v)’s
The (N,N), (j, j) component of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 1) yields
K+N (v1)E
+
N,j(v1)K
+
N (v2)E
+
N,j(v2) = ρ(v1 − v2)K
+
N (v2)E
+
N,j(v2)K
+
N (v1)E
+
N,j(v1). (C.16)
The (N,N), (k, j) component of the RLL = LLR∗ relation (5.2) (1 ≤ j, k ≤ N − 1, j 6= k)
yields
ρ+(v1 − v2)K
+
N (v1)E
+
N,k(v1)K
+
N (v2)E
+
N,j(v2)
= K+N (v2)E
+
N,j(v2)K
+
N (v1)E
+
N,j(v1)R
∗kj
kj (v1 − v2, Pj,k)
+K+N (v2)E
+
N,j(v2)K
+
N (v1)E
+
N,k(v1)R
∗kj
jk (v1 − v2, Pj,k). (C.17)
After a little calculation using (4.13), (C.16) and (C.17) coincide with the case l = N in (B.1)
and (4.19), respectively.
C.5 Relations among F+j,l(v)’s
The (j, j), (N,N) component of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 1) yields
F+j,N (v1)K
+
N (v1)F
+
j,N (v2)K
+
N (v2) = ρ(v1 − v2)F
+
j,N (v2)K
+
N (v2)F
+
j,N (v1)K
+
N (v1). (C.18)
The (j, k), (N,N) component of the RLL = LLR∗ relation (5.2) (1 ≤ j, k ≤ N−1, j 6= k) yields
ρ+∗(v1 − v2)F
+
k,N (v2)K
+
N (v2)F
+
j,N (v1)K
+
N (v1)
= Rjkjk(v, Pj,k + hj,k)F
+
j,N (v1)K
+
N (v1)F
+
k,N (v2)K
+
N (v2)
+Rkjjk(v, Pj,k + hj,k)F
+
k,N (v1)K
+
N (v1)F
+
j,N (v2)K
+
N (v2). (C.19)
After a little calculation using (4.13), (C.18) and (C.19) coincide with the case l = N in (B.2)
and (4.20), respectively.
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C.6 The relations between E+l,j’s and F
+
k,l’s
The (j,N), (N,N − 1) component together with the (j,N), (N,N) and (N,N), (N,N − 1) com-
ponents of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 2) yield
[E+N,N−1(v2), F
+
j,N (v1)] = K
+
N (v2)
−1 c(v1 − v2, Pj,N + hj,N )
b¯(v1 − v2)
F+j,N−1(v2)K
+
N−1(v2)
−F+j,N−1(v1)K
+
N−1(v1)
c∗(v1 − v2, PN−1,N )
b¯∗(v1 − v2)
K+N (v1)
−1. (C.20)
The (j+1, j), (j, j+1) component together with the (j+1, j), (j, j) and (j, j), (j, j+1) components
of the L−1j L
−1
j R = R
∗L−1j L
−1
j relation (C.9) (1 ≤ j ≤ N − 1) yield
[E+j+1,j(v1), F
+
j,j+1(v2)] = K
+
j (v2)
c¯∗(v1 − v2, Pj,j+1)
b¯∗(v1 − v2)
K+j+1(v2)
−1
−K+j+1(v1)
−1 c¯(v1 − v2, Pj,j+1 + hj,j+1)
b¯(v1 − v2)
K+j (v1). (C.21)
These equations (C.20) and (C.21) coincide with the cases l = N and l = j + 1 of (4.21),
respectively.
Similarly, the (N−1, N), (N, j) component together with the (N−1, N), (N,N) and (N,N), (N, j)
components of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 2) yield
[E+N,j(v2), F
+
N−1,N (v1)] = K
+
N (v2)
−1 c(v1 − v2, PN−1,N + hN−1,N )
b¯(v1 − v2)
K+N−1(v2)E
+
N−1,j(v2)
−K+N−1(v1)E
+
N−1,j(v1)
c∗(v1 − v2, Pj,N )
b¯∗(v1 − v2)
K+N (v1)
−1. (C.22)
The (j, j+1), (j+1, j) component together with the (j, j), (j+1, j) and (j, j+1), (j, j) components
of the L−1j L
−1
j R = R
∗L−1j L
−1
j relation (C.9)(1 ≤ j ≤ N − 1) yield
[E+j+1,j(v2), F
+
j,j+1(v1)] = K
+
j+1(v2)
−1 c(v1 − v2, Pj,j+1 + hj,j+1)
b¯(v1 − v2)
K+j (v2)
−K+j (v1)
c∗(v1 − v2, Pj,j+1)
b¯∗(v1 − v2)
K+j+1(v1)
−1. (C.23)
These equations (C.22) and (C.23) coincide with the cases l = N and l = j + 1 of (4.22),
respectively.
Finally, the following relations with j ≤ N − 2 are examples of those which we have not yet
checked for our half currents.
[E+N,j(v2), F
+
j,N (v1)]
= K+N (v2)
−1 c(v1 − v2, Pj,N + hj,N )
b¯(v1 − v2)
K+j (v2)−K
+
j (v1)
c∗(v1 − v2, Pj,N )
b¯∗(v1 − v2)
K+N (v1)
−1
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+N−1∑
k=j+1
(
K+N (v2)
−1 c(v1 − v2, Pj,N + hj,N )
b¯(v1 − v2)
F+j,k(v2)K
+
k (v2)E
+
k,j(v2)
−F+j,k(v1)K
+
k (v1)E
+
k,j(v1)
c∗(v1 − v2, Pj,N )
b¯∗(v1 − v2)
K+N (v1)
−1
)
. (C.24)
These are derived from the (j,N), (N, j) components together with the (j,N), (N,N) and
(N,N), (N, j) components of the RLL = LLR∗ relation (5.2) (1 ≤ j ≤ N − 1).
D Evaluation Module
We here summarize the evaluation module (πV,z, Vz = V [z, z
−1]) of Uq(ŝlN ) associated with the
vector representation V = CN .
The evaluation module (πz, Vz) in terms of the Drinfeld generators, is defined by the following
formulae.
πz(c) = 0, πz(d) = z
d
dz
, (D.1)
πz(aj,n) =
[n]
n
(qj−N+1z)n(q−nEjj − q
nEj+1j+1), (D.2)
πz(x
+
j,n) = (q
j−N+1z)nEjj+1, (D.3)
πz(x
−
j,n) = (q
j−N+1z)nEj+1j, (D.4)
πz(hj) = Ejj − Ej+1j+1, πz(hǫ¯j ) = −Ejj. (D.5)
Then the elliptic currents kj(w, p), ψ
±
j (w, p), ej(w, p), fj(w, p) of Uq(ŝlN ) defined in (3.22)-(3.25)
are represented by
πz(kj(w, p)) =
{qr+2N+1z/w}{qr+1z/w}{qr−1w/z}{qr−2N+3w/z}
{qr+2N−1z/w}{qr+3z/w}{qr+1w/z}{qr−2N+1w/z}
×
Θp(qr+1z/w)
Θp(qr−1z/w)
j−1∑
k=1
Ekk + Ejj +
Θp(q
r+3z/w)
Θp(qr+1z/w)
N∑
k=j+1
Ekk
 ,
(D.6)
πz(ψ
±
j (q
∓rw, p)) = q±hj
Θp(q
r−j+2hj+N−1w/z)
Θp(qr−j+N−1w/z)
, (D.7)
πz(ej(w, p)) = Ejj+1
(pq2; p)∞
(p; p)∞
δ(qj−N+1z/w), (D.8)
πz(fj(w, p)) = Ej+1j
(pq−2; p)∞
(p; p)∞
δ(qj−N+1z/w), (D.9)
where {z} = (z; p, q2N )∞. Especially, the auxiliary currents u
±
j (w, p) are represented by
πz(u
+
j (w, p)) =
(pq−j+2hj+N−1w/z; p)∞
(pq−j+N−1w/z; p)∞
, πz(u
−
j (w, p)) =
(pqj−2hj−N+1z/w; p)∞
(pqj−N+1z/w; p)∞
. (D.10)
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Due to this representation, we can obtain the representation of the half currents. After getting
rid of some unpleasant fractional power factors of q and z by a certain gauge transformation,
we have the following result.
πv2(K
+
j (v1)e
−Qǫ¯j ) = ρ+ (v1 − v2)
×
 [v1 − v2]
[v1 − v2 + 1]
j−1∑
k=1
Ekk + Ejj +
[v1 − v2 − 1]
[v1 − v2]
N∑
k=j+1
Ekk
 ,
(D.11)
πv2(e
−ηjF+j,l(v1)e
ηl) = Elj
[v1 − v2 + Pj,l − 1][1]
[v1 − v2][Pj,l − 1]
, (D.12)
πv2(e
Qǫ¯l−ηlE+l,j(v1)e
−Qǫ¯j+ηj ) = −Ejl
[v1 − v2 − Pj,l][1]
[v1 − v2][Pj,l]
, (D.13)
where z = q2v. It is easy to check that these quantities satisfy the commutation relations of the
half currents K+j (v), F
+
j,l(v) and E
+
l,j(v).
Finally, let us check the results by calculating the R-matrix as the image of the L-operator
Lˆ+(v) in (5.1).
R+(v1 − v2, P ) = (πv2 ⊗ id)Lˆ
+(v1). (D.14)
Using (4.3) and Riemann’s theta identity, we obtain the following.
R+(v, P ) = ρ+ (v)

R11(v, P ) · · · · · · R1N (v, P )
R21(v, P ) · · · · · · R2N (v, P )
...
. . .
...
RN1(v, P ) · · · · · · RNN (v, P )
 , (D.15)
where
Rjj(v, P ) =
j−1∑
k=1
b¯ (v)Ekk +Ejj +
N∑
k=j+1
b (v, Pj,k)Ekk (1 ≤ j ≤ N),
(D.16)
Rjl(v, P ) = c (v, Pj,l)Elj , (D.17)
Rlj(v, P ) = c¯ (v, Pj,l)Ejl (1 ≤ j < l ≤ N). (D.18)
This expression coincides with the R-matrix given by (2.15).
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